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Abstract. We introduce the tracial Rokhlin property for automorphisms of 
stably finite simple unital C*-algebras containing enough projections. This 
property is formally weaker than the various Rokhlin properties considered 
by Herman and Ocneanu, Kishimoto, and Izumi. Our main results are as 
follows. Let j4 be a stably finite simple unital C*-algebra, and let ct be an 
automorphism of A which has the tracial Rokhlin property. Suppose A has 
real rank zero and stable rank one, and suppose that the order on projections 
over A is determined by traces. Then the crossed product algebra C*(Z, A, a) 
also has these three properties. 

We also present examples of C*-algebras A with automorphisms o which 
satisfy the above assumptions, but such that C*(Z, A, o) does not have tracial 
rank zero. 



0. Introduction 

We introduce the tracial Rokhlin property for automorphisms of stably finite 
simple unital C*-algebras containing enough projections. This property is formally 
weaker than the various Rokhlin properties which have appeared in the literature, 
such as in jj^lj CH|i and ^Sl; at least for C*-algebras which are tracially AF in the 
sense of [201) in roughly the same way that being tracially AF is weaker than the 
local characterization of AF algebras (Theorem 2.2 of 4 ). 

Our main results are as follows. Let ^ be a stably finite simple unital C*- 
algebra, and let a be an automorphism of A which has the tracial Rokhlin property. 
Suppose A has real rank zero and stable rank one, and suppose that the order 
on projections over A is determined by traces (Blackadar's Second Fundamental 
Comparability Question, 1.3.1 of 2 , for Maoi^A)). Then C*(Z, A^ a) also has these 
three properties. In fact, we will see that not all the hypotheses on A are needed 
for all the conclusions. 

The proofs are adapted from [27]. The arguments here are more difficult for 
several reasons. First, in [27] there is a single "large" AF subalgebra, and the 
properties of the reduced groupoid C*-algebra are obtained by comparison with 
this subalgebra. In this paper, we are not able to choose nested approximating 
subalgebras; moreover, even if we were, the direct limit would not be AF. Second, 
we assume that the order on projections over A is determined by all traces, but 
only the invariant traces extend to the crossed product. Third, in j27j we relied 
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on previous work to get from the Rokhlin property to the existence of appropriate 
subalgebras, but in the present paper we must do the analogous construction from 
scratch. 

Kishimoto has proved (Theorem 6.4 of that if A is a simple unital AT algebra 
with real rank zero which has a unique tracial state, and if a G Aut(A) has the 
Rokhlin property and satisfies a kind of approximate innerness assumption, then 
C*(Z, A, a) is again a simple unital AT algebra with real rank zero. As this paper 
was in progress, H. Lin and the first author have generalized this Let A 

be a simple separable unital C*-algebra which satisfies the Universal Coefficient 
Theorem, which has tracial rank zero, and which has a unique tracial state. If 
a G Aut(A) has the Rokhlin property and if a" is an approximately inner for some 
n > 0, then C*{Z, A,a) is a simple AH algebras with no dimensional growth and 
real rank zero. It seems reasonable to hope that whenever A is tracially AF and a 
has the tracial Rokhlin property, then C*{Z,A,a) is again tracially AF. However, 
the theorems in this paper also apply to automorphisms of C*-algebras which are 
not tracially AF, and for which the crossed products are also not tracially AF. We 
give some examples in Sectional 

Our motivating examples are the noncommutative Furstenberg transformations, 
which are automorphisms of the irrational rotation algebras analogous to Fursten- 
berg transformations on the torus, and the automorphisms in the crossed product 
descriptions of the simple quotients of the C*-algebras of discrete subgroups of 
nilpotent Lie groups studied in 21] and |2S1- These automorphisms do not satisfy 
the hypotheses in although in these cases we believe that the crossed products 
are in fact tracially AF. We treat these examples in a separate paper 1W . In that 
paper we also show that an automorphism of a simple unital tracially AF C*-algebra 
A with unique trace r has the tracial Rokhlin property if and only if all nontrivial 
powers of the corresponding automorphism of the factor 7rT-(A)", obtained from the 
Gelfand-Naimark-Segal representation associated with r, are outer. 

This paper is organized as follows. In Section^we introduce the tracial Rokhlin 
property, and prove, under reasonable conditions, that it is implied by various forms 
of the Rokhlin property in the literature. We also obtain several elementary con- 
sequences. In Section 12 we use the tracial Rokhlin property to construct "large" 
subalgebras of C*{Z,A,a) which are stably isomorphic to A. The next three sec- 
tions treat, in order, the order on projections, real rank zero, and stable rank one. 
These are the analogs of Sections 3, 4, and 5 of 27 . It is in Section^ that the 
weaker conditions satisfied by the subalgebras cause the greatest additional diffi- 
culty. We also obtain several other results: the restriction map from tracial states 
on C*(Z, A, a) to invariant tracial states on A is bijective, and, under suitable hy- 
potheses, C*(Z, A, a) satisfies the local approximation property of Popa The 
last section gives some examples, but the ones we are most interested in are in |2()j . 

The first author is grateful to Masaki Izumi for valuable discussions, and second 
author is grateful to Nate Brown, Masaki Izumi, Cornel Pasnicu, Christian Skau, 
and Takeshi Katsura for valuable discussions. 

1. The tracial Rokhlin property 

We begin by defining the tracial Rokhlin property for single automorphisms 
(actions of Z). It is closely related to, but slightly weaker than, the approximate 
Rokhlin property of Definition 4.2 of ^Bl- To our knowledge, the idea was first 
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introduced in . It is closely related to the tracial Rokhlin property for actions of 
finite cyclic groups, as in [2H|- 

Definition 1.1. Let A he a, stably finite simple unital C*-algebra and let a G 
Aut(v4). We say that a has the tracial Rokhlin property if for every finite set F a A, 
every e > 0, every n 6 N, and every nonzero positive element x £ A, there are 
mutually orthogonal projections eo, ei, . . . , e„ G A such that: 

(1) \\a{ej) - gj+ill < £ for < j < n - 1. 

(2) WcjO — acjW < e for < J < n and all a E F. 

(3) With e = X]j=o ^J ' projection 1 — e is Murray- von Neumann equivalent 
to a projection in the hereditary subalgebra of A generated by x. 

We do not say anything about Q!(e„). 

It is not completely clear that Condition (3) is the right condition in the general 
case. We return to this point, and to the comparison of our definition with others, 
after some preliminaries. 

Notation 1.2. Let A be a unital C*-algebra. We denote by T{A) the set of all 

tracial states on A, equipped with the weak* topology. For any element of T(A), 
we use the same letter for its standard extension to M„(A) for arbitrary n, and to 
Moo(A) = U^=i M„(A) (no closure). 

Definition 1.3. Let A be a unital C*-algebra. We say that the order on projections 
over A is determined by traces if whenever n S N and p,q G Moo (A) are projections 
such that t{p) < T{q) for all t G T{A), then p ^ q. 

This is Blackadar's Second Fundamental Comparability Question for Afoo(A). 
See 1.3.1 in 0. 

In all applications so far, in addition to the conditions in Definition 11.11 the 
algebra A has real rank zero (Section 1 of ,7 ), and the order on projections over 
A is determined by traces. In this case, we can replace the third condition by one 
involving traces: 

Lemma 1.4. Let A be a stably finite simple unital C*-algebrasuch that RR(A) — 
and the order on projections over A is determined by traces. Let a G Aut(A). Then 
a has the tracial Rokhlin property if and only if for every finite set F G A, every 
e > 0, and every n G N, there are mutually orthogonal projections eo, ei, . . . , e„ G A 
such that: 

(1) ||a(ej) - gj+ill < e for < j < n - 1. 

(2) \\eja — acjW < e for < j < n and all a E F. 

(3) With e = Cj, we have r(l - e) < e for aU t G T{A). 

Proof. If the condition of Definition 11.11 holds and e, n, and F are given, then we 
can use Theorem 1.1(a) of [37] to find a projection a; G A such that t{x) < e for 
all T G T{A). Then apply Definition 11.11 with this x and with e, n, and F as given. 
Conversely, assume the condition of the lemma, and let e, n, F, and x be given. 
Choose a nonzero projection q G xAx, and apply the condition of the lemma with e 
replaced by min (e, mfT£T{A) ■''(<?)) • The assumption that the order on projections 
over A is determined by traces implies that I — e ^ q, giving (3) of Definition ll.il 
I 

We now want to relate the tracial Rokhlin property to forms of the Rokhlin 
property which have appeared in the literature. The most important of these is 
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as follows. (See, for example, Definition 2.5 of ^H], and Condition (3) in Proposi- 
tion 1.1 of 18i.) 

Definition 1.5. Let A be a simple unital C*-algebra and let a G Aut(A). We say 
that a has the Rokhlin property if for every finite set F C A, every e > 0, every 
n e N, there are mutually orthogonal projections 

/o, /i, ...,/„ e A 

such that: 

(1) ||a(e,)-e,+i|| < e for < j < n-2 and ||a(/j)-/,+i || < e for < j < 

(2) \\eja — acjW < e for < j < n — 1 and all a ^ F, and Wfja — afj\\ < e for 
< i < n and all a ^ F. 

(3) E;=oe,+E;u/.-i- 

We will also consider analogs of the original version for C*-algebras, in for exam- 
ple the first definition of jOj) in which Condition (3) of Definition II. II is replaced 
by X]j=o ~ which, as in Lemma 1 1 . 61 below . the towers are only required 

to exist for all n in an unbounded subset S* C N which does not depend on e and 
F. 

We do not know whether these properties imply the tracial Rokhlin property in 
the generality we have considered so far. We prove that they do under the following 
sets of hypotheses, in all of which we assume that A is stably finite, simple, and 
unital: 

• RR(A) = 0, the order on projections over A is determined by traces, and 
the homeomorphism r i~> t o a of T{A) has finite order. 

• A is approximately divisible in the sense of [3], all quasitraces on A are 
traces, and projections in A distinguish the traces on A. 

• A has tracial rank zero. 

Together, these cover most of the interesting cases in which A has real rank zero. 
Note that t '—^ t o a has finite order whenever all tracial states are a-invariant (in 
particular, whenever a is approximately inner or RR(yl.) ~ and a is trivial on 
K-theory), and also whenever there are only finitely many extreme tracial states. 

We can obtain a version of the tracial Rokhlin property which is implied by the 
Rokhlin property in full generality by allowing two Rokhlin towers in Definition ll.il 
as is done in Definition ll.51 but still allowing a remainder projection. The proofs of 
our main theorems should all still work under this condition. Another possibility, 
motivated by Proposition is to merely require that there he q £ xAx such that 
1 — e ~ with equivalence in C*(Z,j4, a) rather than A. We have not checked 
whether our proofs still work with this assumption. Our motivation for using the 
definition as stated is Theorem 2.14 of [21], which under certain conditions relates 
the tracial Rokhlin property to a property having the form of the Rokhlin property 
for automorphisms of factors of type IIi. 

There are immediate K-theoretic obstructions to any version of the Rokhlin 
property involving only one tower and requiring X]j=o ~ 1' as in jl2| . However, 
we know of no K-theoretic obstructions for an automorphism of a simple unital 
C*-algebra with real rank zero to have the Rokhlin property as in Definition 11.51 
It is in fact implicit in several proofs in the literature, in particular in the proof of 
Theorem 4.1 of that, under suitably restrictive hypotheses, the tracial Rokhlin 
property implies the Rokhlin property. The hypotheses include the assumption 
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that there are no infinitesimals in the Ko-giowp. We know of no examples of 
automorphisms with the tracial Rokhlin property which do not have the Rokhlin 
property of Definition II. 51 

Kishimoto's definition of the approximate Rokhlin property, Definition 4.2 of jl6j. 
specifies that A is an AF algebra, and, instead of having a finite set F, it assumes 
a finite dimensional subalgebra B is given; in place of approximate commutativity 
with a finite set, it requires that every ej commute exactly with every element of 
B. More significantly, that definition also requires that ||a(e„) — eo|| be small, while 
we make no assumption on a(e„). It furthermore has a slightly different version of 
Condition (3). When the order on projections is determined by traces, the analog of 
the approximate Rokhlin property in our case is formally stronger than the tracial 
Rokhlin property as we defined it. In Lemma 4.4 of 16 , Kishimoto explicitly 
proves that on a simple unital AF algebra whose Ko-growp is finitely generated and 
contains no infinitesimal elements, the approximate Rokhlin property implies the 
Rokhlin property. 

We now prove that the Rokhlin property implies the tracial Rokhlin property 
under the first of the sets of hypotheses discussed above. We need a lemma. 

Lemma 1.6. Let A be a stably finite simple unital C*-algebrasuch that RR(A) = 
and the order on projections over A is determined by traces. Let a € Aui{A), and 
suppose that the homeomorphism of T{A) given by t i— > roa has finite order. Then 
a has the tracial Rokhlin property if and only if there is an unbounded set S d IS! 
and a constant C > such that for every finite set F C A, every e > 0, and every 
Ti €: there are mutually orthogonal projections cq, ei, . . . , e A such that: 

(1) ||Q!(ej) - gj+ill < £ for < j < n - 1. 

(2) \\eja — aejW < e for < j < n and all a ^ F. 

(3) With e = ^"^0 ej, we have r(l - e) < C(n + 1)-^ for all r e T{A). 

Proof. That the tracial Rokhlin property implies the condition of the lemma is 
clear from Lemma ll .41 Conversely, assume the conditions of the lemma. We prove 
the condition in Lemma fl.4l for e, n, and F as there. Without loss of generality 
e < 1. Let fc be a positive integer such that t o a*^ = t for all r e T{A). Thus, if 
POjPIj ■ • • ,Pn are projections such that — < 1 for l<j<l + k — 1, 

then T{pi+k) = t{pi) for aU r G T{A). Choose N ^ S with 

/2/c(7i + l) 2C\ 
N > max f — ^— — j . 

Apply the condition of this lemma with N in place of n and with ie7V~^ in place of 

e, to find mutually orthogonal projections poj Pi j ■ • • ,Pn & A, and set p = X]m=oP»"- 
Thus r(l -p) < C{N + l)-i < \e. Write TV + 1 = rk{n + 1) + s with r G N and 
< s < k{n + 1), so that r > 2e^^ . For < j < n set 

6j =P] +P'J+n+l H |-Pj+(rfe-l)(n+l), 

and set e — J2^=o ■ easily get 

|Q!(ej) — ej+i|| < rk ■ ^eN~^ < e and ||eja — aej\\ < rk ■ ^eN^^ < e 
for < J < n and a G F. For the trace estimate, for < Z < r — 1 set 
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Then 

e = (7o + 9iH \-qr-i and p - e ^ pk(^n+i)r + Pk{n+i)r+i ^ ^ pa- 
using periodicity of a on T{A) of order k{n + 1), and iV + 1 — k{n + l)r < k{n + 1), 
we get for every r £ T{A) 

Tiqo) = T{qi) = ■■■ = T{qr-i) > t{p - e), 

so 



Thus r(l - e) < £. I 

Proposition 1.7. Let A be a stably finite simple unital C*-algebra such that 
RR(74) — and the order on projections over A is determined by traces. Let 
a € Aut(A), and suppose that the homeomorphism of T{A) given by r i— > r o a has 
finite order. If a has the Rokhlin property of Definition ^3] then a has the tracial 
Rokhlin property. 

Proof. Let A: be a positive integer such that t o a'^ = r for all t G T{A). We verify 
the condition of Lemma 1 1.61 with 

S ^ {k-l,2k-l, ...} and C = fc. 

Let r £ N. Apply the Rokhlin property with min (l, ^e) in place of e, with F as 
given, and with n = rk. Let 

Po,Pl, ■ ■ ■ , Prk-l, qo, qi, qrk G A 

be the resulting projections, and take Cj ~ pj + qj for < j < rfc — 1. Then 

1 — X]^=o^ ~ Irk- By periodicity of a on T{A), we have, for all r e T{A), 

1 C 

T{qrk) = T(go) < T{qQ + gi H h qk-i) < - = —■ 

r rk 

This completes the proof. I 

Now we prove that the Rokhlin property implies the tracial Rokhlin property 
under the second and third of the sets of hypotheses discussed above. In the proofs 
above, the "leftover projection" in the tracial Rokhlin property was the sum of 
the projections in a small part of the tower obtained from the Rokhlin property. 
Without something like t t o a having finite order, we don't see how to make 
such a proof work. Instead, we must divide a tower in parallel towers of the same 
height, and arrange to omit different projections in each, so that altogether the 
"leftover" consists of a small part of each of the projections in the original towers. 
This is a bit messy to write down. 

We need a preparatory lemma for each set of hypotheses. 

Lemma 1.8. Let A be a simple unital infinite dimensional C*-algebra with tracial 
rank zero. Let p € Ahe a nonzero projection, let F C pAp be a finite set, let m G N 
be a power of two, and let e > 0. Then there exist projections po,pi, . . . ,Pm G A 
such that 

m 

^Pr=p, pi P2 ~ • ■ • ~Pm, and Pq:<Pi, 
and such that || [pr, a]\\ < e for < r < m and all a G F. 
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Proof. We have RR(yl) = by Theorem 3.4 of It now follows easily from 

Theorem 1.1(a) of 3i7.^ that there is a nonzero projection q G pAp such that pAp 
contains 2m + 3 mutually orthogonal projections, each Murray- von Neumann equiv- 
alent to q. It follows from Theorem 3.12 of 1201 that pAp also has tracial rank zero. 
Therefore there is a finite dimensional subalgebra E C pAp, with identity e < p, 
such that II [e, a]|| < for all a F, such that for every a ^ F there is 6 e £' with 
II& — eae|| < ^e, and such that p — e ^ q- 
Let 

B — E' n eAe = {x G eAe: xc — cx for every c 6 E^. 

Write e = X]fc=i ^fc ^ sum of minimal central projections of E. Let fkGEhe 
a minimal projection with fk < e^. Then B — ^^^i CkBeu, and CkBck = fkAfk 
is simple and has real rank zero. Since 2m is also a power of two, Theorem 1.1(a) 
of [27j therefore provides projections qk.o, qk,i, ■ • ■ , 9fc,2m G GkBck such that 

2m 

%,r = efc, qk,i ^ qk,2 ~ • ■ • ~ gfe,2m, and qkfl < qk,i- 

r=0 

Then define 

n 

po ^p-e + ^qk^o, 
fc=i 

and, for < r < m, 

n 

Pr = ^^ilk, 2r-l + qk, 2r) ■ 
k=l 

We prove that these projections satisfy the conclusion of the lemma. 

It is clear that J2T=oPr — P and ~ p2 ~ • • • Pm- To prove that po ^ pi, we 
use the fact that, by Theorems 5.8 and 6.8 of |2I], the order on projections over A 
is determined by traces. We certainly have J2k=i Ikfl 7t X]fc=i 9^,1 • Let r G T{A). 
Set /? = ELi ^(%,2)- Then ^^^^ T{qkfl) < f3 and t(p,) = 2/3 for 1 < r < m. So 

n 

t{p) =T{p-e) + Y^ r(gfc,o) + 2m/3 < r(p - e) (2m l)/3. 
fe=i 

Using the choice of we get 

It follows that f3 > T{p)/{2m + 2). Therefore t(p — e) < /?. Since this is true for 
all T G T{A), we conclude that p — e ^ 12'k=i 1k,2- Combining that with our first 
observation gives po pi, as desired. 

It remains to estimate ||[pr,a]|| for < r < m and a G F. Choose b E E such 
that \\b — eae\\ < ^e. Then 

\\[b+{p - e)a{p-e)] - a\\ < \\eae - b\\ + ||(p- e)ae|| + ||ea(p- e)|| < 3 (^e) = ^e, 
and b + (p — e)a{p — e) commutes with pr, so \\[pr, a]|| < e. I 

Lemma 1.9. Let A be a simple separable unital approximately divisible C*- 
algebra. Let p G A be a nonzero projection, let F C pAp be a finite set, let 
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m G N, and let e > 0. Then there exist projections po,pi, . . . ,pm S A such that 



^Pj.=P^ Pi ~P2 ^ ••• ^Pm, and po:<pi, 



E 

and such that || [p^, a] || < e for < r < m and aU a ^ F. 

Proof. It follows from Corollary 2.10 of |3] that there is a finite dimensional unital 
subalgebra E C A such that ||[a,a;]|| < |e||a;|| for all a; G i? and a <E F, and such 

that E = ®\^iMn(i) with nil) > m? for 1 < Z < Let (e'^j\)i<j,k<n{i) be a 
system of matrix units for the l-ih summand of E. Write n{l) = d{l)m + z{l) with 
< z{l) < TO - 1. Note that d{l) > to for all I. Then define 



t rd{l) 

E E 45 

1=1 i=(r-l)d(0 + l 



for 1 < r < m, and 



t ^(0 

^o-E E 43- 

i=l j=md(l) + l 

The commutator estimates follow because G -E for < r < to, and all the 
remaining statements are clear. I 

Lemma 1.10. Let A be a stably finite simple unital C*-algebra and let a G Aut(A). 
Assume either that A has tracial rank zero, or that A is approximately divisible, 
every quasitrace on A is a trace, and projections in A distinguish the tracial states 
of A. Suppose that there is an unbounded subset S* C N such that for every finite 
set F G A^ every £ > 0, and every n G S, there are mutually orthogonal projections 

/o, /i, ...,/„ G A 

satisfying: 

(1) ||a(e,)-e,+i|| < e for < j < n-2 and II < e for < j < n~l. 

(2) lle^a — acjW < e for < j < n — 1 and all a ^ F, and Wfja — afj\\ < e for 
< i < n and all a ^ F. 

(3) T (l - E;=o + fj) < ^ for every r G T{A). 
Then a has the tracial Rokhlin property. 

Proof. If A has tracial rank zero, then RR(yl) = by Theorem 3.4 of j^^, and 
the order on projections over A is determined by traces by Theorems 5.8 and 6.8 
of [21]. Under the other hypotheses, these conclusions follow from Corollary 3.9(b) 
and Theorem 1.4(e) of Accordingly, we verify the conditions of Lemma H"^ 

Let F C A be a finite set, let e > 0, and let n G N. Without loss of generality 
||a|| < 1 for every a G F. Choose to G N, of the form to — 2™", and so large that 
^ < ie. Choose N e S with N > n[m{n + 1) + 1]. Set 

^° " 4(Af + 2)to' 

Choose £i > with 

'sq e 



£i < min 



2 ' 3' 2{2N + 2y 
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and also so small that whenever B is a unital C*-algebra, whenever 

ei, 62, . . . , e2Ar_i and fi, f2, ■ ■ ■ , f2N-i 

are sets of orthogonal projections in B with \\ek — fk\\ < £i for 1 < fc < 2N — 1, then 
there is a unitary u € B such that 1|| < eo and ueuu* = fk for 1 < fc < 2N — 1. 

Apply the hypotheses with N in place of n, with F as given, and with Si in place 
of e. Let po. Pi, • ■ • , Pn-i, 9o, 9i, ■ ■ ■ , qN & A he the resulting projections. Set 

N-l N 

By the choice of ei, there is a unitary u ^ A such that ||m — 1|| < Eq, such that 
ua{pk)u* = Pk+i for 1 < fc < — 2, and such that ua{qk)u* — qk+i for 1 < fc < 
N —1. Set l3 = Ad(M) o a, giving /3(pfe) — Pk+i and /?((?fe) = gfe+i for appropriate fc. 
For a e A define 

Af-l N 

E{a) = rar + ^ Pfcopfe + ^ g/cogfe- 

fe=0 /c=0 

If a €E i^, then we can write a as a sum of (2A^ + 2)^ terms of the form rap^, 
Pjapk, etc., of which 2A'^ + 2 appear in the formula for E(a) and all the rest have 
norm dominated by max/c ||[pfe,a]|| or max^ ||[gfc,a]||. Accordingly, \\E{a) — a\\ < 
i2N + 2)^ei < \e. 

We now carry out a construction involving the projections po, Pi, ■ • ■ , Pn-i- We 
do the same thing with qg, qi, . . . , qpj, but only describe the outcome afterwards. 
Set 

Fn^ [j {/3-''{Pkapk). aeF}. 

k=0 

Use Lemma 11.81 or Lemma 11.91 depending on what we are assuming about A, to 
write po as a sum of orthogonal projections, 

Po = Po,o +Po,i H l-po,m 

with 

PO.O :i P0,1 ^ P0,2 ^ ■■ ■ ^ Po,m, 

and such that ||[poj j^]|| < eo for < j < m and 5 G Fg. For 1 < fc < A^ — 1 and 
< j < m, set pkj = P''{po,j) < Pk- 

We require estimates involving the Pk,j- First, 

-Pk+ij\\ < 2||m - 1|| < 2eo- 

Second, we claim that if a G F then ||[pfc.j, a]\\ < 2eQ. To see this, write 

||[Pfcj,a]|| < \\Pkj\\ ■ \\Pka-PkaPk\\ + \\[Pkapk, PkM + \\PkaPk - apk\\ ■ ||p/cj|l 

< ||bfe,a]|| + Wir'' iPkapk), Poj]\\ + \\[Pk,a]\\ 

< ei + So + si < 2eo- 

This proves the claim. 

Set Ao = "i(n+l) + l. We define subsets 

r,/o,/i,...,/„ C {0,l,...,Aro-l} X {0,1,..., m}, 

which form a partition of this set, as follows. Set 

r = {(0,0), (n+l, 1), (m(n + l), m)}. 
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For < J < m define 

4'^ ={(0,j), (n+l,j), (0--l)(n + l),j), 

{j{n + 1) + 1, j), . . . , ((m - l)(n + 1) + 1, j)}- 

Thus, 

= {(1, 0), (n + 2, 0), . . . , ((m - l)(n + 1) + 1, 0)} 

and 

= {(0, m), (n + 1, m), . . . , ((m - l)(n + 1), m)}. 

Then set 

jo=/ru/«u...u7r 

and for 1 < Z < n set 

Il = {{k + l,j): {k,j)Glo}. 

There is one more important property: for < A; < Nq — 1, there is at most one j 
such that (fc, j) e Y. 

Now write N = d{n + 1) + s with < s <n. Set do = d — sm. The condition on 
N guarantees that do >0. We define subsets 

Z, Lo, ii, • • • , in C {0, 1, . . . , TV - 1} X {0, 1, . . . , m}, 

which form a partition of this set, as follows. Set 

Z = {{k + tNo, j) : (fc, j) e y and < i < s - 1}. 

Set 

Ji = {{k + tNo, j) : {k,j) e Ji and < f < s - 1}. 
These sets form a partition of 

{0,l,...,s7Vo-l} X {0,1,. ..,m}. 

Further set 

Ko = {{sNo + t{n + 1), j) : < i < rfo - 1 and < j < m} 

and 

Ki = {{k + U3): {k,j)GKo} 
for 1 <l <n. Then set Li = JiUKi. Note that L; = {(fc + /, j) : {k,j) e Lo}. 
We now introduce the notation px — ^2(k j)£TP^-i '^^Y subset 

Tc{0,l,...,iV-l}x{0,l,...,m}. 

Define 

fo^PLo, fi=PLi, fn=PLr,, and f=pz- 

These are orthogonal projections which add up to J2k=o Pk- ^'^^ < I < n — 1, we 
have 

- //+i|| < X! W'^iPk+ij) -Pk+i+i,j\\ < 2card(io)£o < 27Vmeo, 

(fe,i)eLo 

and for < ? < n and a G F we have 

ll[/i,«]||< Yl ll[Pfe+i,i, < 2card(Lo)£o < 2iVmeo. 

{k,j)eLo 
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Furthermore, for r G T{A) we can estimate t(/) as follows. For < fc < — 1, 
there is at most one j with {k,j) g Z. We have 

Pk,o :i Pk,i ^ Pk,2 ^ ■ ■■ ^ Pk,m, 
so that r(pfcj ) < ^T(pfc). Therefore 

r(/) < - ^ r(pfc) < - < |. 

k=0 

Applying the same construction to qo, qi, . . . , qn , we obtain orthogonal projec- 
tions g,go,gi, ■ ■ ■ ,gn which add up to Y.k=o1k^ and such that \\a{gi) - gi+i\\ < 
2{N + l)m£o for < Z < 71 - 1, such that a]\\ < 2{N + l)m£o for < I < n 
and a £ F, and such that T{g) < for r G T{A). 

Now set ei — fi + gi for < ^ < n, and set e = / + 5 + r = 1 — J2?=o ^i- This 
gives 

||a(e;) - e,+i|| < 2Nmea + 2{N + l)meo < £ 

for < ; < n - 1, 

II [e,, a] II < 2iVmeo + 2(iV+ l)meo < e 
for < ; < 71 and a e F, and T(e) = t(/) + r(.g) + r(r) < e for t G T{A). I 

As corollaries, we obtain the next two results. The main difference between the 
first and Lemma ll. til is that we do not assume that r i— > t o a has finite order, but 
we require more of the algebra. 

Proposition 1.11. Let A be a stably finite simple unital C*-algebra and let a G 
Aut(A). Assume either that A has tracial rank zero, or that A is approximately 
divisible, every quasitrace on A is a trace, and that projections in A distinguish the 
tracial states of A. Suppose that there is an unbounded subset S" C N such that for 
every finite set F C A, every e > 0, and every n G S, there are mutually orthogonal 
projections cq, ei, . . . , e„ € A satisfying: 

(1) ||a{e,) - e,+i|| < £ for < j < 71 - L 

(2) \\eja — aCjW < e for < j < 71 and all a E F. 

(3) T (1 - E;=o ej) < £ for every r G r(A). 
Then a has the tracial Rokhlin property. 

Proof. This is the special case of Lemma [1.101 in which always Cj — for all j. I 

Theorem 1.12. Let A he a stably finite simple unital C*-algebra and let a G 
Aut(A). Assume either that A has tracial rank zero, or that A is approximately 
divisible, every quasitrace on A is a trace, and that projections in A distinguish 
the tracial states of A. Suppose that a has the Rokhlin property in the sense of 
Definition II. 51 Then a has the tracial Rokhlin property. 

Proof. This is the special case of Lemma FLlOl in which always J2^Zo +X]j=o fj ~ 
1.1 

We finish this section by giving several elementary consequences of the tracial 
Rokhlin property. 

Lemma 1.13. Let A be a stably finite simple unital C*-algebra and let a G Aut(y4.) 
have the tracial Rokhlin property. Then a" is outer for all 71 ^ 0. 
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Proof. It suffices to consider n > 0. Let n > and let u e A be unitary; we show 
a" ^ Ad(u). We may clearly assume A ^ C. Apply Definition 11.11 with this value 
of n, with e = with F = {u}, and with some noninvertible x. Let eg, ci, . . . , Cn 
be the resulting projections. 

We claim that Cj ^ for all j. If ej = for some j, relation (1) in Definition ll.il 
implies that eg = ei = • • • = e„ = 0. Then relation (3) in Definition 11.11 shows that 
1 = 1 — X]J=o Murray-von Neumann equivalent to a projection in xAx. Since 
xAx is a proper hereditary subalgebra, this contradicts stable finiteness, and the 
claim follows. 

Orthogonality now implies ||e„ — eo|| = 1. Furthermore, we get 

71 

||a"(eo) - e„|| < ne = — — 
n + 2 

so 

ll«"(eo)-eo|| >^. 

However, by construction we have ||eou — ucqW < e, so 

1 



\\ueou - eoll < e = 



n + Z 

Therefore a"(eo) ^ ubqu* . I 

Corollary 1.14. Let A be a stably finite simple unital C*-algebra and let a S 
Aut(A) have the tracial Rokhlin property. Then C*{Z,A,a) is simple. 

Proof. Using Lemma 11.131 this is immediate from Theorem 3.1 of |15| . I 

2. Rokhlin towers and subalgebras 

In this section, we prove the basic approximation lemma for actions with the 
tracial Rokhlin property. Our first step is Proposition 12.41 if A has real rank zero 
and if the order on projections over A is determined by traces, then for any crossed 
product C*{Z,A,a), the order with respect to C*{Z,A,a) on projections over A 
is determined by traces on C*(Z,yl, a), equivalently, by a-invariant traces on A. 
Since the proof works just as easily for arbitrary countable amenable groups, and 
since we intend to study actions of more general groups in future work, we give it 
in that generality. 

Notation 2.1. For any compact convex set A in a topological vector space, we let 
AfF(A) be the set of all real valued continuous affine functions on A. 

We are, of course, particularly interested in AS{T{A)). 
The proof of Proposition 12.41 reouires two lemmas. 

Lemma 2.2. Let A be a unital C*-algebra, and let a: P ^ Aut(A) be an action 
of a countable amenable group. Let /i, . . . , /; € AS{T{A)) have the property that 
/j(r) > for all P- invariant t S T{A). Then there exist n and 71, . . . , 7„ S P such 
that for all t G T{A) we have 

n 
k=l 

for l<j<l. 
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Proof. The action of T on T{A) will be denoted by (7T)(a) = T{a^^ (a)). 

Since T is amenable, there exists a F0lner sequence in F, that is, a sequence of 
nonempty finite subsets C F such that 

card(F„A7F„) 
n-*oo card(-r„j 

for aU 7 e F. Define S,, ■ T{A) ^ T{A) by 

1 

Define 



card(i^,l) ^ 



Then each Z„ is a compact subset of T{A), and Zi D Z2 D • • • . 

We claim that if t £ Pl^i ^rn then jt — t for all 7 e F. So let t e H^i 
let 7 G F, let a e A, and let e > 0. Choose N so large that if n > TV then 

card(F„A7F„) ^ e 



card(F„) 3||a|r 
By the definition of the weak* topology, there is cr e Uj^jv ^n{T{A)) such that 

\a{a) - T(a)| < and |(T(a::^^ (a)) - T(a:^^(a))| < ^e. 
Write tr = S'„(p) for some n> N and p e T(^). Then 
|T(a:^^(a)) - r(a)| < |e + |cr(a~^(a)) - a{a)\ 

2e card(F„A7F„)||a|| 
~ 3 card(i^„) 

Since e > is arbitrary, it follows that jt = t. 
Now set 

Y„ = Z„ n {r e T{A) : /j (t) < for some j with 1 < j < I}. 

Then each y„ is compact, and Yi D Y2 D ■ ■ ■ . Moreover, H^^i = because 
any element r of this set is an invariant tracial state such that /^(t) < for some 
j. Therefore there is n such that Yn = 0. Now /j(<5'„(r)) > for 1 < j < Z and all 
T e T{A). Since each fj is affine, we have 

^ ^ fjiir) = /,(5„(t)) > 0, 



card(F„) 



as required. I 



The following lemma is a more flexible version of a result of Zhang In 
Zhang's version, which we use in the proof, the integer n of the hypotheses is 
required to be a power of 2. 
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Lemma 2.3. Let A he e. simple unital infinite dimensional C*-algebra with real 
rank zero. Let p G A he a projection, and let n G N. Then there exist projections 
Po,Pi, . . . ,Pn ^ A such that 

n 

^Pfe=p, Pi ^ P2 ^ ■ ■ ■ ^ Pn, and Po^Pi- 
k=a 

Proof. Choose m G N such that 2" > n^. Set iV = 2™, and write N = In + r 
for integers r and I such that < r < n. Note that I > n. Apply Theorem 1.1(a) 
of |87j ■ obtaining projections cq, ei, . . . , ejv G A such that 

N 

^efc=p, ei 62 ~ ■ ■ • ~ Cat, and eo ;^ ei. 

Define 

Po = eo + e„i+i H h gat 

and, for 1 < fc < rt, define 

Pk = e(fe_i),+i + e(fe_i),+2 H 1- e/ci- 

The conditions X]fc=o P*: ~ P pi p2 • • • ~ Pn in the conclusion are obvious, 
and po ^ pi follows from eo &(k-i)i+i and the fact that there are ?' + 1 < n < Z 
terms in the sum defining p^. I 

Proposition 2.4. Let A be a simple unital infinite dimensional C*-algebra with 
real rank zero, and assume that the order on projections over A is determined by 
traces. Let a: F — > Aut(A) be an action of a countable amenable group. Let 
p, (? G Moo{A) he projections such that t{j)) < T{q) for every F-invariant tracial 
state T on A. (We extend r to Moo{A) in the obvious way.) Then there is s G 
Moo(C*(F, A, a)) such that 

ss* — p, ss* < q, and ss* G Afoo(^)- 

In particular, p ^ q in Moo{C*{T, A,a)). 

Proof. Throughout the proof, we regard elements of T(A) as being defined on all 
of Mao (A) in the obvious way. 

Define / G Aff(r(A)) by /(t) = r(g) - r(p). Use Lemma IT^ on this function / 
to find n G N and 71, . . . , 7„ G F such that for all t G T{A) we have 

1 " 

fe=i 

Then set e = yafreTiA) g{T)j which is strictly positive because T{A) is compact. 
Also set M ~ sup.^gy(^) '''(9)1 which is finite for the same reason. Choose iV G N 
such that 

M e 

Use Lemma 12.31 on p with Nn — 1 in place of n, calling the resulting projections 
Po,Pi, ■ ■ ■ ,PNn~i, and on q with Nn in place of n, calling the resulting projections 
qo, qi,.. qNn- 

We now claim that 

n n 

Y^T{a-l{p,))<Y,r{a-l{q,)) 

k=l fe=l 
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for all T e T{A). To see this, use 

pi ~ P2 ~ • • ■ ~ PNn-i and go ;:j gi ~ 92 ~ • • • ~ QNn 

to get 
and 

fc=i fe=i 

We also have 

-E^K. 91 < - E A ^ ^ < T- 
n ^-^ ' n ^-^ Nn Nn 6 

k=l k=l 

Using this result at the last step, we get 

^ E (pi)) ^ ^ E (^)) ^ ^ E 

fc=l k=l k=l 

< ^^E^«(9i)) - ^ < ^^E^K.'to)) - 3- 
fc=i fc=i 

The claim follows by dividing by {Nn — l)/n. 
Now for 1 < k < n define 

Cfc = P{k-1)N + P{k-1)N+1 H 1- PkN-1 

and 

/fc = q(k-l)N+l + g(k-i)N+2 H 1- QkN- 

(We do not use go-) Regarding e and / as elements of Mr (A) for suitable r, further 
define 

e = diag(ei, . . . ,e„) and e = diag(a^i (ei), . . . , (e„)), 

and 

/ = diag(/i, . . . , /„) and / = diag(a^i (/i), (/„)), 
which are all projections in Mr„(A). By construction, in M^oiA) we have 

Nn 

p~e and f^^qm^q-qo- 

m—l 

For 7 £ r let u-y be the standard unitary in C'*{T,A,a) which implements a-y. 
Set 

V — diag(lr (Xl U-Yi, . . . ,\r® %„) S Mr„(A), 

so that weu* = e and f /w* = /. The claim proved above implies that T(e) < t(/) 
for all r S T(A), whence e / in M„i(A). 

We now have enough to get p q'va. A/oo(C*(r, A, a)), but we need more to 
get the stronger statement in the conclusion. Since Mrn(^) has real rank zero, 
Theorem 1.1 of |^ implies that projections in Mr„(A) satisfy Riesz decomposition, 
so there are projections gi, . . . , (jr„ e Mr{A) such that < ct-ykifk) for all k and, 
with g — diag(gi, . . . , g„), we have e ^ g in MmiA). Then 

9 = v*gv = diag(a:r^^(gi), . . .,a:^^{gn)) G M™(A) 
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satisfies g ^ g in C* {T, A, a) and g < f. Since f q — qo in Moo{A), there is 
a projection h e Mr{A) such that h < q — qo and y ^ h in Moo{A). Thus, in 
MooiC*{T,A,a)) we have 

pr^er^er^gr^gr^h<q-qo<q, 

with he MriA).i 

Lemma 2.5. Let A be a stably finite simple unital C*-algebra with real rank zero 
such that the order on projections over A is determined by traces. Let a £ Aut(yl) 
have the tracial Rokhlin property. Let t: A — > C*(Z, A, a) being the inclusion map. 
Then for every finite set F C C*(Z, A, a), every e > 0, every iV G N, every nonzero 
positive element z £ C*(Z, A, a), and every sufficiently large n G N (depending on 
F, e, N, and z), there exist a projection e e A C C*{Z, A,a), a unital subalgebra 
D C eC'*{Z, A,a)e, a projection p e D, a projection / G A, and an isomorphism 
ip: Mn® fAf D, such that: 

(1) With (cj^k) being the standard system of matrix units for Af„, we have 
(^(ei4 a) = t(a) for all a G fAf and ip{ek,k O 1) £ '-(^) for 1 < < n. 

(2) With {ej k) as in (1), we have \\ip{ej j (g) a) — a^~^{L{a))\\ < e\\a\\ for all 
a G /A/.' 

(3) For every a G F there exist &i , 62 G -D such that ||pa— &i|| < e, ||ap— 62II < £, 
and II61II, II&2II < 

(4) There is m G N such that 2m/n < e and p — J2^=m+i vi^jj ® !)• 

(5) The projection 1 — p is Murray- von Neumann equivalent in C*(Z, A, a) to 
a projection in the hereditary subalgebra of C*(Zi, A,a) generated by z. 

(6) There are N mutually orthogonal projections /i, /2, . . . , /at G pDp, each of 
which is Murray-von Neumann equivalent in C* (Z, A, a) to 1 — p. 

Proof. We first make a simplification: We need not check the estimates || 61 1|, II62II < 
||a|| in Condition (3) of the conclusion. To prove this, without loss of generality 
||a|| < 1 for all a G F. Apply the weaker statement with in place of e, and 
with all other parameters the same. Let ci and C2 be the resulting elements in 
Condition (3) of the conclusion. Then ||ci||, ||c2|| < 1 + ^s. Set 

5i = I : — I Ci and b-i = ( -. — | Co. 

One checks that — ci|| < ^e, so — pa|| < e. Similarly \\b2 — ap\\ < e. This 
proves the reduction. 

Now we do the main part of the proof. Let e > 0, and let F C C*(Z, A, a) be a 
finite set. Let iV G N, and let z G C*(Z, A, a) be a nonzero positive element. 

Let u be the standard unitary in the crossed product C*(Z, A, a). We regard A 
as a subalgebra of C*(Z, A, a) in the usual way. Choose m G N such that for every 
X G F there are ai G A for — m < I < m such that 



Em 
aiu 
l=-m 



£ 

<2- 



For each x G F choose one such expression, and let S* C A be a finite set which 
contains all the coefficients used for all elements of F. Let M = 1 + sup^^g ||a||. 

Since A has Property (SP), and since (by Lemma ri.l3|l all nontrivial powers of 
a are outer, we can apply Theorem 4.2 of ^Ij, with N = {!}, to find a nonzero 
projection q G A which is Murray-von Neumann equivalent in C*{Z,A,a) to a 
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projection in zC*(Z,A,a)z. Moreover, Lemma 12.31 provides nonzero orthogonal 
Murray- von Neumann equivalent projections go, gi, ■ ■ ■ , 52m G Q^Q- 

Since A is simple, go is a nonzero projection, and the tracial state space T{A) 
of A is weak* compact, we have S = inf^gy(^) '''(50) > 0. Now let n G N be any 
integer such that 

n > max ( ^> + 2)(2m + 1), — j . 

Set 

e 

~ 10{2m+l)n^M' 

Choose ei > so small that whenever ei,e2,...,e„ are mutually orthogonal 
projections in a unital C*-algebra B and u € B is a unitary such that HmCj-m* — 
Cj+iW < El for 1 < j < n, then there is a unitary v E B such that \\v — u\\ < eo 
and vcjV* = ej+i for 1 < j < n. Further use Lemma 12.31 to find nonzero orthogonal 
Murray- von Neumann equivalent projections hi, /i2, . . . , hn+2 < 50 • 

Apply the tracial Rokhlin property fDefinition ll.l(l with n — 1 in place of n, with 
min(l, El, eo) in place of e, with S in place of F, and with hi in place of x. Call the 
resulting projections ei, 62, . . . , e„, and let e = ^j- ^PPly the choice of ei to 

these projections and the standard unitary u, obtaining a unitary v € C*(Z, A, a) 
as in the previous paragraph. 

Set / — ei. The elements ejV^^'^ek, for I < j, k < n, can be seen to satisfy 
the relations for matrix units Cj^k- So there is a unique injective homomorphism 
(p: Mn®fAf C*(Z, A, a) such that (p{ei^i^a) = a for a G fAf and ip{ej^k®f) = 
ejV^~^ek for 1 < j, k < n. Let D be the range of (p, so that ip: Mn ® fAf D 
is an isomorphism, as required. Condition (1) of the conclusion is immediate. For 
^ '^^ i, k < n and a G f Af we have 

p{ej^k (S" a) = p{ej,i (81 l)(p{ei^i (g) a)tp{ei^k ® 1) = ejV^~^av^~^ek = v^~^av^~^ . 
In particular, if j = fc then 

||^(e,,, ®a)- a=-\a)\\ < 2\\a\\ ■ \\v^-' - ^.^-^H < 2||a|| • (j - - u\\ 
< 2neo||a|| < e||a||. 
This is Condition (2) of the conclusion. 

Let p = X]j=m+i and note that X]j=m+i "^i^j.j ® 1) = P- Condition (4) of the 
conclusion now follows from the choice of n. 

We now claim that ii y = -m "^i^' with ai E A for — m < I < m, and if 
[cj, ai] = for —m < I < m and 1 < j < n, then there are di, d2 £ D such that 

lira -dill, \\yp-d2\\ < 2Mn{n - 2m)(2m + l)eo. 
We produce di; the proof for c?2 is essentially the same. We write 

n — m T7i n — m m 

j^77i+l l — ~m j—m+1 l ——m 

Since v^~^eiv~^'^^ — Cj, we have 

Wpicjj (g) fa^^^^{ai)f) - eja/GjII = ||eji;^^^eiu~^+^a/u^"^eiu"^+^ej - eja/ejll 

<2||a;||.||ii^-i-«-'"-i|| 
< 2M[j - l)eo < 2Mneo, 
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SO 

\\ip{ejj-i <8) fa-^+\ai)f) - {ejaiej){ejV^ej-i)\\ < 2MneQ. 

Therefore 

n — m m 

{ejaiej){ejv'ej-i) 

j=m+l l=—m 

differs from an element of D by less than 2Mn{n — 2'rn){2rn + l)eo- The claim 
follows. 

We next prove Condition (3) of the conclusion. Let x G F. Choose 

b—mt b—m+l-, ■ ■ ■ , bm G S 

such that 



y k 



e 

<2- 



For — m < I < m define 



ai = {1- e)bi{l - e) + ^6^-6, 



76, 



We write 

n n 

h- ai = Yj\ejai{l - e) + (1 - e)aiej\ + ^ ^ CiO/e^, 

j = l i=l j^i 

SO that the estimate ||[o;, ej]|| < ei < £o implies 

-Oill < [2n + n{n-l)]eo < 2n%. 
Moreover, from \\v — u\\ < Eq we get \\v'' — u^\\ < meo for — m < I < m. Therefore, 
with y = YliL-m ^i'"^^ we get 



Ik -2/11 < 



l^ — m 



< ie + (2m + l)Afmco + (2m + 1) • 2n'^eQ. 

According to our claim, there isd & D such that < 2Mn(n— 2m)(2m+l)£o. 

Then 

Ilpa; - d\\ < |e + (2m + l)[Mm + 2n^ + 2Mn{n - 2m)]eo 

< ie + (2m + 1) • SMn^eo < £• 

This is one half of Condition (3) of the conclusion. The other half is proved similarly. 
It remains to verify Conditions (5) and (6) of the conclusion. We have 

m n 

l-p=l-e + Yej + y Cj. 

j — l J— n — m+l 

By construction we have 1 — e^hi < go- Now let r be any a-invariant tracial state 
on A. Then T(ej) = T(ei) for all j, whence T(ej) < ^. The inequality 

1 1 

t(,9o) 

therefore implies r(ej) < T{go). Since all gj are Murray-von Neumann equivalent, 
it follows that for any a-invariant tracial sate r we have 

T(ej) < T{gj) and r(e„_j) < T{gm+j) 
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for 1 < j < m. So Proposition 12.41 implies that 

^3 ^ 9j a^^d e„_j ;< gm+j 
in C*(Z, A, a) for 1 < j < m. Thus 

2m 

which is Murray- von Neumann equivalent in C*{Z,A,a) to a projection in the 
hereditary subalgebra zC*{Z, A,a)z. This is Condition (5) of the conclusion. 

Finally, we prove (6). Let r e T{A) be a-invariant. By construction, we have 
1 — e hi. Since hi, /12, . . . , hn+2 < 50 < 1 are orthogonal Murray- von Neumann 
equivalent projections, we get t(/ii) < {n + 2)~^ for all r G T(A), and in particular 
'''(I — e) < {n + 2)^^. Since all T{ej) are equal, we have 

^ - n\ n + 2j n + 2 

So Proposition 12.41 provides a projection in SjAcj C ejDcj which is Murray-von 
Neumann equivalent in C*(Z, A, a) to 1 — e. Therefore, for every fc > with {2m + 
l)ik + 2) < n, 

m n (2m+l)(/c+l) 

j = l j=n-m+l j=(2m+l)k+l 

and the projection Murray-von Neumann equivalent to 1 — p can be chosen to be 
in pDp. Since n > {N + 2) (2m -I- 1), there are at least N such projections. They 
are orthogonal, so Condition (6) of the conclusion is verified. I 

Given objects satisfying part (1) of the conclusion of Lemma |2. 51 we can make 
a useful homomorphism into C*{Z,A,a) which should be thought of as a kind of 
twisted inclusion of A. 

Lemma 2.6. Let A be any simple unital C*-algebra, let a G Aut{A), and let 
i: A — > C*{Z,A,a) be the inclusion. Let e,/ S A be a projections, and let 
n G N. Assume that there is an injective unital homomorphism ip: M„ (g) fAf 
i(e)C*(Z, A, a)i{e) such that, with (e^ j,) being the standard system of matrix units 
for M„, we have ip(ei,i ^ a) — i(a) for all a € fAf. Then there is a corner 
Aq C M„+i A which contains 

^ : a e (1 - e)A{l - e) and 6 G M„ /A/| 

as a unital subalgebra, and an injective unital homomorphism : Aq ~^ C* {Z, A, a) 
such that 

^( 2 ) =^(a)+^(6) 

for a G (1 - e)A{l - e) and b G M„ (g) /A/. 

Moreover, for every a-invariant tracial state t on A there is a tracial state a on 
C*(Z, A, a) such that the extension t of t to Mn+i ® A satisfies t|^q = a o ip. 
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Proof. Set 

q = diag(l - e, /,/,...,/) G M„+i O A, 

and set 

Ao = q{Mn+i ® A)q and eo = diag(0, /,/,...,/) e ^o- 

In Mn+i, call the matrix units Cj- fe for < j, fc < n. Then q — eo = eo,o <8> (1 — e). 
Define tjj: Aq C*{Z,A,a) as follows. 

(1) For a G (g — eo)Ao((; — Cq), write a = eo,o ® x with a; G (1 — e)A(l — e), and 
set V(a) = t'ix)- 

(2) For a G eoAgeo, write a = k=i ^j-k ® 2^j,fe with Xj^k G /A/ for all j and 
A;. Regard this sum as an element of M„ ® fAf in the obvious way, and set 
V'(a) = ifia). 

(3) For a G {cjj f)Ao{q — eo) for some j with 1 < j < n, write o = Cj^o <8) a; 
with a; G fA{l — e), and set tp{a) = <f{ej^i (S> f)i'{x). 

(4) For a G {q — eo)Ao{ejj (g) /) for some j with 1 < j <n, set = i>{ci-*)* 
using (3). 

Then extend by linearity. 

To prove the first part of the lemma, it suffices to prove that ip defined this way 
is in fact a homomorphism. It is clear that is linear and that i'ia*) = ^p{a)* for 
all a G Aq, so we prove multiplicativity. We show that ■^(a6) = tjj{0')'4'{b) in four 
cases: 

(5) a G (cjj (g) f)Ao{q - eo) and b E {q - eo)Ao{q - eo). 

(6) a G {cjj (g) f)Ao{q -~ eo) and be{q- eo)Ao(ejj (g) /). 

(7) a G (g - eo)ylo(ej,-,- ® f) and b G eoAoeo. 

(8) a G (g - eo)ylo(ej,j ® /) and 6 G {ek,k ® .f )Ao{q - cq). 

The other 12 cases are all of three kinds: both tp{ab) and tp{a)ip{b) arc easily 
seen to be zero; the formula ip{a.b) = 'ijj{a)ip{b) follows from the fact that i is a 
homomorphism or is a homomorphism; or the case follows from one of the four 
cases above by taking adjoints. 

For (5), write a = ej^ 55 x as in (3) and write b = eofi (g y analogously to (1). 
Then ab = ej^ xy analogously to (3), so 

il){a)tlj{b) = (p{ej^i ig) f)b{x)b{y) = ip{ej^i O f)L{xy) = ij;{ab). 

For (6), the analogous computation is: a = ej^ ^ x, b = eoj (S> y, and, using 
xy G fAf so that L{xy) = v(ei,i (g xy), 

tlj{a)'4){b) = (/9(ej,i (g f)L{x)L{y)(f{eij ig /) = v(ej,i ig f)t{xy)ip{eij /) 
= (g f)ip{ei,i <g xy)(p{eij <g /) = tp{ab). 

Similarly, in (7) write a = cqj (g x with a; G (1 — e)Af and b = Y^^k^i ^i>fe ® %>fe 
with all yj^k € f^f\ then 

n 

ab = ^ eo,k (g a;yj,fe 

A)=l 
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with xyj^k G (1 — and 

n n 

'ip{a)'4){h) = ^ b{x)Lp{ei^.j ® f)(f{ej^k ^E) yj,k) = ^ t(x)v3(ei,i yj^k)<f{ei,k ® /) 

*:=1 fc=l 
n 

k=l 

Finally, in (8) if j ^ k one easily gets ^p{a)^p{b) = = ipiab), and otherwise one 
writes a — eoj ® x, b — Cj^o ® y, and 

ip{a)ij{b) = L{x)ip{ei^j ® /)(/3(ej,i «) = t(x)v5(ei,i (g) /)i(y) 

= i'{x)i{f)i{y) = i.{xy) = tpiab). 

It remains to prove the statement about the tracial states. So let t be an a- 
invariant tracial state on A. Let E: C*{Z,A,a) ^ A he the standard conditional 
expectation, and let ct = r o _E be the induced tracial state on C*(Z, A, a). If / = 
then Aq — A and ^ — so the statement is immediate. Otherwise, for a G fAf, 
we have 

fj o ■0(ei.i (g) a) = (T o (^(ei.i a) = cr o t(a) = ''"(a). 

Therefore cr o ^ and t agree on the full corner (ei.i ® /)(M„+i ® j4)(ei.i ® /) of 
Aq. So a o ^ — T.t 

3. Traces and order on projections in crossed products 

In this section, we prove that if A is a simple unital C*-algebra with real rank zero 
such that the order on projections over A is determined by traces, and if a G Aut(A) 
has the tracial Rokhlin property, then the order on projections over C*(Z, A, a) 
is determined by traces. The methods are adapted from Section 3 of 27 , and 
originally came from We make one small improvement. In previous versions 
of this argument, the conclusion was only that the order on Ko{C*{Z,A,a)) is 
determined by traces, and the result on the order on projections was then obtained 
using stable rank one. Here, we obtain the full result even if C*{Z,A,a) does not 
have stable rank one. 

We begin with a comparison lemma for projections in crossed products by actions 
with the tracial Rokhlin property. 

Lemma 3.1. Assume the hypotheses of Lemma [2.61 and assume in addition that 
A has real rank zero and that the order on projections over A is determined by 
traces. Let i/j: Aq ^ C*{Z,A,a) be as in the conclusion of Lemma [2.61 Suppose 
that p, q € "0(^0) are projections such that t{p) < T{q) for all tracial states r on 
C*{Z, A,a). Then there exists a projection r G ?A(Ao) such that r < q and r is 
Murray- von Neumann equivalent to p in C*(Z, A, a). 

Proof. If the projection / as in Lemma 12.61 is zero, then Aq = A and ^ = t. So the 
statement follows from Proposition 

Otherwise, following the proof of Lemma 12.61 let ej^k, for < j, k < n, be 
the matrix units in M„+i. Also let l: A C*{Z,A,a) be the inclusion, and let 
D — l{A) and Dq = ^{Aq). Since a G fAf implies t(a) = -0(61,1 a), the algebra 
E — i{fAf) is a hereditary subalgebra of both D and Dq. 
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Now let p, q E Dq be projections as in the hypotheses. Since Dq = V'(^o) is 
simple, there is m such that 

(l,0,...,0);i (.(/),.(/), ...,.(/)) 

in Mm{Do)- We identify D and Dq with corners in Mm{D) and Mm(Z?o) in the 
usual way. Then, in particular, there exist projections 

in Mm (Do) such that p ^ Pq and q go in Mm{Do). Clearly po, qo E Mm{E) C 
MmiD), and satisfy t{po) < T(go) for r e T{C*{Z, A,a)). Because D = i{A), 
Proposition 12.41 provides vq G M„i{D) such that po ~ tq in Mm(C*(Z, A, a)) and 
ro < qo- Then ro £ Mra{E) C Af„i(L)o). Choose s S M„(£lo) such that s*s = (jo 
and ss* — q. Then r ~ sros* G A/„i(£'o) satisfies p ~ r in Mm{C* {Z, A, a)) and 
r < q. Since p, g G C*(Z,74, a), we in fact get p r in C*(Z, A, a). I 

Lemma 3.2. Let A be a C*-algebra, let p, q G A he projections, let t be a tracial 
state on A, and let g: [0,1] —>■ R be a continuous function. Then T{g{pqp)) = 
rigiqpq))- 

Proof. The conclusion is true when g{t) = i", since 

TiipqpD = rapqpr-\pq){qp)) = r{{qp){pqpr-\pq)) = rHqpgD. 

So it also holds for any polynomial and therefore, by approximation, for any con- 
tinuous function g. I 

Lemma 3.3. Let g: [0,1] [0,1] be a continuous function such that g{l) — 1. 
Then for every £ > there exists 6 > such that whenever A is a. unital C*-algebra, 
T is a tracial state on A, and p, q E A are projections such that r(p) > 1 — ^, then 
T{g{qpq)) > T{q) - e and T{g{pqp)) > T{q) - e. 

Proof. We prove the result for the inequahty T{g{qpq)) > T{q)—e. Choose 5q G (0, 1) 
such that g[t) > 1 — for all t E [1 — i5o, 1]. Then set 5 = ^e^o- Let A, t, p, q be 
as in the hypotheses. 

We first estimate T{qpq), as follows. We have T{qpq) + T{q{l — p)q) = T{q) and 

t((j(1 - p)q) = t((1 - p)q{l ~ p)) < r(l - p) < S, 

SO that T{qpq) > T{q) — S. 

Now let fj, be the measure on X — sp(gpg) corresponding to the functional on 
C{X) defined hy h T{h{qpq)), with the functional calculus evaluated in qAq. 
This measure has total mass T{q). With E = [I ~ Sq, 1], we have 

Tiq) - 6 < T{qpq) = f t dfi{t) < (1 - So)fi{[Q, 1]\E)+ ^x{E) 
Jo 

- (1 - 5o)[T{q) - fi{E)] + fl{E) = (1 - SoMq) + 5ofl{E). 
Rearranging this gives 

^l{E) > r{q) - A = r{q) - \e. 
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Since g{t) > I — for t £ E, we now get 

r{9{qpq)) = f g{t) d^x{t) > (l - \e) fi{E) 
Jo 

> (1 - ie) (T(q) - ie) > T{q) -\e- \eT{q). 

Since T{q) < 1, this gives T{g{qpq)) > T{q) — e, as desired. 

The result with the inequahty T{g{pqp)) > T{q) — e now follows from Lcmma l3.2l 

I 

Lemma 3.4. Let (5 > 0. Then there exists a continuous function g: [0, 1] — > [0, 1] 
such that (7(0) — 0, g(X) — 1, and whenever A is a C*-algcbra with real rank zero 
and a e ^ is a positive element with ||a|| < 1. then there is a projection e £ aAa 
such that g{a)e = e and \\ea — a\\ < S. 

Proof. Choose to such that < io < ^S. Let go : [0, 1] [0, 1] be a continuous 
function which vanishes on [0,to] and satisfies \go{t) — t\ < for all t € [0,1]. 
Let g: [0, 1] [0, 1] be any continuous function such that g{0) = 0, g{l) — 1, and 
550 = 50- 

Let A be a C*-algebra with real rank zero and let a S A be a positive element 
with ||a|| < 1. Since A has real rank zero, there is a projection e G goia)Ago{a) 
such that ||ego(a) — 5o(a)|| < ■^S. Since ||a — 5o(a)|| < ^S, we get ||ea — a|| < S. From 
550 = 50 we get g{a)go{a) = 50(a), whence g{a)e = e. I 

The proof of the following theorem is adapted from the proofs of Theorem 3.5 
and Lemma 3.3 of |27j . which in turn are based on Section 3 of |31j . However, the 
construction of the projection qo in the proof is new. It enables us to prove directly 
that the order on projections over C*(Z, A, a) is determined by traces, rather than 
merely that the order on Ko{C*{Z,A,a)) is determined by traces. 

Theorem 3.5. Let A be a simple unital C*-algebra with real rank zero, and 
suppose that the order on projections over A is determined by traces. Let a £ 
Aut{A) have the tracial Rokhlin property. Then the order on projections over 
C*{Z,A,a) is determined by traces. 

Proof. We claim that it suffices to show that ii q, r £ C*{Z,A,a) are projections 
such that T{q) < T(r) for all tracial states t on C*{Z,A,a), then q ^ r. Indeed, it 
is easy to check that the action id m„ <S> a on Mn <E) A again has the tracial Rokhlin 
property, so the result applies to projections in M„ ® C*{Z,A,a) as well, and this 
version implies the statement of the theorem. 

Accordingly, let q, r £ C*{Z,A,a) be projections such that T{q) < T{r) for all 
tracial states t on C*(Z, A, a). Since the tracial state space is weak* compact, there 
is e > such that r(r) — T{q) > e for all tracial states r. 

Choose 77 > so small that whenever i? is a C*-algebra and e, f £ B are 
projections such that \\ef — /|| < rj, then / ^ e. Choose continuous functions 
51, 52 : [0, 1] — > [0, 1] such that 

5i(0) =52(0) = 0, gi(l)=52(l) = l, 5152 = 52, 

and \gi{t) — 1\ < jrj for all t £ [0, 1]. Choose a continuous function g: [0, 1] [0, 1] 
as in Lemma [3. 41 with ^77^ in place of 6. 
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Choose (5 > SO small that whenever B is a C*-algebra and a, b & B are positive 
elements with 

||a||, IIMI <1 and \\a ~ b\\ < 5, 

then 

\\gi{a) - gi{b)\\ < \r], \\g2{a) - g2ib)\\ < ^e, and \\g{a) - g{b)\\ < ^e. 

We also require 5 < ^rj. 

Apply Lemma f3 . 31 with gi in place of g and with in place of e, obtaining a 
number i5o > 0. Choose an integer N > max{6Q^, 6e^^). 

Apply Lemma 12.51 with {q, r} in place of F, with ^6 in place of e, with N as 
given, and with 1 in place of z. We obtain a projection e € A C C*{Z,A,a), a 
unital subalgebra D C eC*(Z, A, a)e, a projection p G D D A, a projection / G A, 
and an isomorphism (p: M„ (g) fAf D, satisfying the conditions (1) through (6) 
there. 

In the next several paragraphs, we construct a projection ro E D such that ro ^ r 
and r(ro) > r(r) — |e for every tracial state t on C*(Z, A, a). 

By the choice using Lemma ITKl there exists x £ D such that ||rp — a;|| < ^6 and 
||a^|| < I7 so that \\rpr — xx*\\ < S. Since x E D = Mn ® fAf, which has real rank 
zero, Lemma 3.2 of .2Tj provides a projection ra E D such that 

gi{xx*)ro = ro and \\r0g2ixx*) - g2ixx*)\\ < ^e. 

We claim that rp ^ r, and we prove this by showing that \\rrQ — ro|| < 77. The choice 
of 6 and the estimate \\rpr — xx*\\ < S imply that \\gi{rpr) ~ gi{xx*)\\ < jT]. So 
gi(xx*)ro = ro implies \\gi{rpr)ro — ro\\ < j-q, and from \gi{t) — t\ < j-q we then 
get llrprro — ?'o|| < ^'7- Now 

\\rrQ - roll < ||r|| • ||ro - rprrg || + \\r'^prro - ro|| < ??, 

as desired. This proves the claim. 

Now let T be a tracial state on C*(Z, A, a). We obtain a lower bound on t^tq). 
The choice of 5 and the estimate ||rpr — < 8 imply that \\g2{'i'pr) —g2{xx*)\\ < 
^e. So \\rog2{xx*) - g2ixx*)\\ < implies \\rog2{rpr) - g2irpr)\\ < |j-e, whence 
\\rog2{rpr)ro - g2{rpr)\\ < ^e. Therefore 

T(ro) > T{rog2{rpr)ro) > T{g2{rpr)) - 

Now the choice using Lemma 12.51 implies r(l ~ p) < N^^t{p) < N^^ < So, so 
t{p) > 1 ~ So, and the choice using Lemma gives T{g2{rpr)) > T(r) — ^e. Thus 
''"(^0) > ^i^) ~ = T{r) — ie. We have proved that tq is the required projection. 

We now construct a projection G {1 — p) +pDp such that q ^ qo and T(go) < 
T{q) + ie for every tracial state t on C*{Z,A,a). The method is similar to the 
construction of tq but is a bit more complicated. 

By the choice using Lemma [2.51 there exists x £ D such that — x|| < ^S 
and ||a;|| < 1. Replacing x by px, we may assume in addition that px = x. Then 
XX* G pDp and \\pqp — xx* \\ < S. Since D = Mn fAf, which has real rank zero, 
we may apply the choice of g to find a projection qi G xx* Dxx* C pDp such that 

g{xx*)qi — qi and ||gixa;* — a;a;*|| < ^r;^. 

Now set qo ~ 1 — p + qi E {1 — p) + pDp. 
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We estimate Hqog — gll- First, 

\\qix — a;||^ < Hgixx* — xx*\\ ■ \\ql\\ + ||gia:;2^* — xx*\\ < 2\\qixx* — xx*\\ < jf]^ . 
So llgix — x\\ < ji]. Now, using qip = qi at the second step, 

hm-qW = \\{'^ - p)q + qiq - q\\ = \\qipq-vq\\ 

< 2\\pq — x\\ + \\qix - x\\ < S + ^7] < \ri + \'q = rj. 

It follows from the choice of 77 that q ^ qo- 

Now we estimate the values of the tracial states on qo. Let t be any tracial 
state on C*{Z,A,a). The estimate \\pqp — xx*\\ < 5 and the choice of 8 imply 
\\g{pqp) — g{xx*)\\ < ^e. Using inequality in the C*-algebra at the third step, this 
estimate at the fourth step, Lemma 13.21 at the fifth step, and g{qpq) < <? at the 
sixth step, we get 

r{qi) = T{qig{xx*)qi) - T{g{xx*y^^qigixx*y/^) < rigixx*)) 

< T{g{pqp)) + \e = T{g{qpq)) + < T{q) + ^e. 

For the same reason that we had t(1 p) < 5q in the proof of the estimate for 
T(ro); we also have r(l — p) < ^e. Therefore 

r(go) - t(1 -p) + r(gi) < T{q) + ^e. 

We have proved that go is the required projection. 

Apply Lemma f2. 61 with (p: M„ (g) fAf — > D and the projection e as given. We 
obtain Aq and a unital homomorphism ip: Aq C*{Z, A,a). We note that "0(^0) 
contains D, and hence ro; also 1, p & V'(^o) so go G (1 ^ p) + pDp C ip{Ao). For 
every tracial state r on C*(Z, A, a) we have 

Tiro) - r(qo) > (T(r) - ie) - (r(q) + ie) > ie. 

Therefore Lemma [3 . II applies . and shows that qo ^ in C*{Z,A,a). Thus, 

g :i go :i ro ;< r, 

as was to be proved. I 

4. Real rank of crossed products 

In this section, we prove that if ^ is a simple unital C*-algebra with real rank 
zero such that the order on projections over A is determined by traces, and if 
a G Aut(A) has the tracial Rokhlin property, then C*{Z,A,a) has real rank zero, 
and every tracial state on C*{Z, A,a) is induced from an a-invariant tracial state 
on A. The methods are adapted from Section 4 of 27 . The lemma used to find 
a suitable projection which approximately commutes with a selfadjoint element 
is considerably harder in our context. To prove it, we start with the following 
lemma. It will follow from arguments in 9 , where it is proved that if c E A then 
c*Ac = cAc*. 

Lemma 4.1. Let A be a C*-algebra, let p G A be a projection, and let c G A. 
Suppose that c*Ac C pAp. Then for any projection r G cAc* , we have r ^ p. 

Proof. For each e > define a continuous function : [0, 00) [0, 1] by 

r t<| 

[1 e<t. 
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Recall that |c| = {d'cf/'^, so that |c*| = (cc*)i/^ and (analogously to 1.2 of 0) 

Now let r £ cAc* be a projection; we prove r ^ p. Without loss of generality 
there is e > such that 

r € U\c*\)Af,i\c*\). 

Then /e/2(|c*|)r' = r, whence 

'^6/e/2(|c1MA/2(|c*|). 

By 1.4 of [S] there is z ^ A such that the map a zaz* is an isomorphism 

/e/2(|c1)A/,/2(|c*|)^A/2(|c|)A/,/2(|c|). 

In particular, zrz* is a projection and rz* is a partial isometry from r to zrz*. 
Since 

/e/2(|c|)A/,/2(|c|) C ^ C MP, 

we have r ~ zrz* < p. I 

The following lemma is surely true for actions of (not necessarily abelian) com- 
pact groups, and may even be known. 

Lemma 4.2. Let A be a unital C*-algebra, let G be a finite abelian group, let 
a: G ^ Aut(A) be an action of G on A, and let A" be the fixed point algebra. 
Then every approximate identity for A" is also an approximate identity for A. 

Proof. Let (eA)AeA be an approximate identity for A°'. For t ^ G, let 

Ar ~ {a ^ A: ag{a) — T{g)a for all g G G}. 

Since A is the direct sum of the subspaces Ar , it suffices to prove that lim^ aex = a 
for all a ^ At-. 

So let ae Ar. Then 

||(a — ae\)*{a — aex)\\ ~ \\{o-*a — a*ae\) — e\{a*a — a*aeA)|| < 2||a*a — a*aex\\. 
Since a*a G A", we have lim^ ||a*a — a*aeA|| = 0. I 

Lemma 4.3. Let A be a C*-algebra, let G be a topological group, and let a: G — > 
Aut(A) be an action of G on A which is inner in the sense that there is a strictly 
continuous group homomorphism g i-^ u{g) G U{AI{A)), the unitary group of the 
multiplier algebra of A, such that ag{a) = u{g)au(g)* for all g ^ G. Then the 
restriction of the action to any invariant hereditary subalgebra i? C A is also inner 
in the same sense. 

Proof. It suffices to show that if g G G then the pair (L, R) of linear maps on B, 
given by L{x) = u{g)x and R{x) — xu{g), is a multiplier of B. The only nontrivial 
part is that L{B) C B and R{B) C B. For the first, x G B implies 

L{x)L{x)* = u{g)xx*u{gY G ag{B) = B 

and 

L{x)*L(x) = X* u{g)* u{g)x = x*x G B, 
whence L{x) G B. The proof of the second is similar. I 
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Lemma 4.4. Let A be a unital C*-algcbra with real rank zero. Let m, n, iV G N 
satisiy (2n + l)m < N. Let a € Mn{A) be a selfadjoint element with ||a|| < 1. 
Let {eij)fj^i be the standard system of matrix units of Mjv(C). Then there is a 
projection q G Mat (A) such that 

m (2ra+l)m ^ 

^ek^k®'^<q, X] ^'^■'^ 



1, and ||ga- 



fe=i 



fe=i 



n 



Proof. Set 



m (2n+l)m 

P = ^ ek,k and qo = ^ efc,fc <? 
fc=i fc=i 

Then we want q with 

P< 9:^90 and \\qa-aq\\<^. 
Since A has real rank zero, so does Mn{A). Set 



Because 



s = 



\a\\ < 1 and 



1 

2n 



1 



2n + 1 



1 



+ e> 



1 



2n + 1 ' " ' 2n + 1 ' 
we can approximate a by a selfadjoint element in Mn{A) with finite spectrum, and 
then perturb its spectrum, to get a selfadjoint element b £ Mn{A) such that 



||a-6||< 



1 



2n+ 1 



+ £ and sp(6) C 



2n 



2n-2 



2n-2 



2n 



1 



2n + 1' 2n + r ' 2n + 1' 2n 

Define u — cxp(7ri6). Then m is a unitary in Mff{A) with = 1. Letting log 

be the standard branch defined on the complement of the negative real axis, we 
furthermore have b = log(?i). 

Let V e M]\[{A) be the following unitary block matrix, whose entries are the 
identity matrices of the appropriate sizes: 



/ 

V 



/ 



1 



N-{2n+l)m- 



Define 



c = p + upv* H +u "piv*) 



,,*\2n 



and let C = cAc*, which is a hereditary subalgebra in Mn{A). 
For < fc, Z < 2n we have 

m 

v''p{v*)'' ='^ekm+j,lm+j- 

J = l 

Since p{v*yqo = p{v*y for < Z < 2n, we get cqo = c, so that c*c e qoMN{A)qo. It 
also follows that in the computation of cc* most of the terms cancel, and one gets 

cc* =p + upu* + ■■■ + u^Xu*)^". 

Since u^"+^ = 1, it follows that ucc*u* = cc*. 
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We claim that uCu* = C. Indeed, if a; G A then 

ucxc*u* — {uc)x{uc)* < \\x\\{uc){uc)* — \\x\\ ■ ucc*u* — \\x\\ ■ cc* G C. 

This shows that uCu* C C, and the reverse inclusion now follows from — 1. 

This proves the claim. 

Write Z2,i+i = Z/(2n + 1)Z. The automorphism Ad(u) generates an inner ac- 
tion of Z2„+i on M]^{A), and by invariance and Lemma 14.31 also an inner action 
a: Z2n+i Aut(C). We claim that the fixed point algebra C" has real rank zero. 
To see this, note that the Proposition in [21] shows that C" is isomorphic to a 
hereditary subalgebra of the crossed product C*(Z2„+i, C, a). Since a is inner, 
this crossed product is isomorphic to the direct sum of 2rt + 1 copies of C, so has 
real rank zero. Therefore so does every hereditary subalgebra. This proves the 
claim. 

Choose (5i > such that whenever D is a unital C*-algebra and an element 
X d D and a unitary u G -D satisfy 



then ||a;log(w) — log('i;)x|| < ne. Choose S2 > such that whenever Z? is a unital 
C*-algebra and projections e, f E D satisfy ||e — /|| < 82, then there exists a 
unitary w € D such that — 1|| < 5i and wew* — /. Choose > such that 
5s. < J min((52, 1). 

We now claim that there is a projection e G C such that ueu* = e and ||ep— p|| < 
5^. To prove this, first observe that the formula for cc* above shows that p < cc*, 
whence p E C. Next, use the fact that has real rank zero to find (Theorem 2.6 
of [7]) an approximate identity in C" consisting of projections. Lemma |4.2I shows 
that any approximate identity for C" is also an approximate identity for C. Since 
a{b) = uhu* for & G C, the claim follows. 

From \\ep — p\\ < (S3 we get 



Since < i, a standard argument provides a projection / G {epe)A{epe) such that 
||epe-/|| < 2^3. Then 

lb - /II < lib - eprW + \\p - ep\\ ■ \\e\\ + \\epe - f\\ < 4J3 < 62. 

Note that e/ = /, so e > /; also, e ;^ go by Lemma ETI 

By the choice of 62 there is a unitary w E A such that Hw — 1|| < 5i and 
wfw* = p. Set q = wew*. Then q > wfw* = p. Since q e ^ qo, we also have 

<i ;^ %■ 

It remains to show that ||qa — agjl < i. Since 



||a;|| < 1, \\xv — vx\\ < 4(5i, and 




l(epe)'^ — epe|| = \\epepe — eppe\\ < \\ep\\ ■ \\ep — p\\ • \\e\\ < S3. 



\\qu — uq\\ ~ \\wew*u — uwew* \\ < 4[|w — 1|| < 4Si, 



the choice of 5i gives 



bq\\ = ^\\q\og{u) - log(u)g|| < e. 



Therefore 




This completes the proof. I 
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The proof of the following theorem is analogous to that of Theorem 4.6 of |27j . 
but is somewhat more complicated. In we worked with a single "large" AF sub- 
algebra; here, we only have subalgebras of real rank zero, obtained from Lemma l2.5l 
which play the role of algebras in a direct limit decomposition for the AF subalgebra 

of EH. 

Theorem 4.5. Let ^ be a simple unital C*-algebra with real rank zero. Suppose 
that the order on projections over A is determined by traces and a £ Aut(yl) has 
the tracial Rokhlin property. Then C*{Z,A,a) has real rank zero. 

Proof. Set B = C*{Z,A,a). 

Let a G _B be selfadjoint with ||a|| < 1. Let e > 0. We approximate a to within 
e by an invertible selfadjoint element. If a is already invertible, there is nothing 
to prove. Therefore we assume £ sp(a). Set Eq — j^e, and choose a continuous 
function g: [—1, 1] [0, 1] such that 

g{0) = 1 and supp(g) C {-Eq, Eq). 

Recalling the notation T{B) from Notation ll.2l define 

rj = inf T{g{a)). 

t£T(B) 

The algebra B is simple by CoroUarv 11.141 so that every tracial state is faithful. 
Also, g{a) is a nonzero positive element, and T{B) is weak* compact. Therefore 
7? > 0. 

Use a polynomial approximation to the function g to choose 5q > Q such that 
whenever C is a unital C*-algebra and x,y ^ Csa. satisfy ||a;||, \\y\\ < 2 and ||a; — y|| < 
Sq, then \\g{x) — g{y)\\ < ^rj. Set 6 = min {Sq, 1, Eq) • Choose nQ,N G N such that 

1 7] IS 
— < — and — < -. 

TV 12 no 2 

Since a has the tracial Rokhlin property, we can use Lemma |2. 51 to find a pro- 
jections e,p G A, a projection f & A, integers n, m > 0, a unital C*-subalgebra 
D C eBe, and an isomorphism ip: D ^ Mn <E> fAf, such that p G D, such that 

2m . / 1 7] 
< min f 



n \2no + l 12(2?io + 1) 



such that 



such that 



ip{p)= > e^j 1/A/ e Af„ ® fAf, 



J— m-f-l 



dist{pa, D) < i(5 and dist{ap, D) ^ ^' 



and such that there are N mutually orthogonal projections /i, /2, . . . , /jv G pDp, 
each of which is Murray- von Neumann equivalent in B to I — p. 

From the last condition, it is evident that for every r G T{B) we have 



Moreover, 



r(l-e)<r(l-p)<^<l<^. 



, /277i\ , , 2m 77 



n 12(27Zo-Hl) 
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Set 

a; = a — (1 — p)a{l — p) = pa + [1 ~ p)ap. 

Choose xi,X2 S D such that 

||pa — xill < and ||ap — 2:2 1| < |(5. 

We arrange to replace xi and X2 by a single selfadjoint element. Since p € D and 
D is a unital subalgebra of eBe, we have 

(1 - p)x2 = (1 - p)ex2 = (e - p)x2 e D. 

So pxi, (1 — p)x2P e D. Set d = pxi + (1 — p)x2P £ D, and observe that 

\\d - x\\ < \\p\\ ■ \\pa - XI II + 111 - p\\ ■ \\ap - X2II • Ibll <IS+^S = 6. 

Then set uq = a — x + ^{d + d*), which satisfies 

Qq = ao, gq — {1 — p)aQ{l — p) ~ ^{d + d*) <E D, and \\a — ao\\ < 5. 

Next, we replace p by a smaller projection (which will be called 1 — (?) which 
approximately commutes with ao- Let z G M„ C M„ ® fAf be a permutation 
unitary such that 

2m 

z(p{e - p)z* = ejj (g) IfAf. 
i=i 

Apply Lemma [4.41 with fAf in place of A, with zLp{d)z* in place of a, with n in 
place of N, with 2m in place of m, and with uq in place of n. Note that 

(2no + 1) • 2m = (^^^ (2no + l)n < (^ ^npVl ) ^^""^ ^ ^^'^ " 

as required in the hypotheses of Lemma l4.4l We obtain a projection E Mn<E)fAf 
such that z(p{e — p)z* < qq, such that [go] < (2no + — p)] in KQ{fAf), and 

such that 

||[go,Mrf)z1l|<;i^<H 

Set q = 1 — e + ip^^{z* q^z). We estimate || [(7, ao] ||. Since Z(y9(e — < g, we get 5 > 
1— p. In particular, [g, (1— p)ao(l— p)] = 0, whence [9,00] = [g, d] = Yp^'^{z*qQz), d\. 
Thus 

||[g,ao]|| = II [90, ^^Vlc?)^*]!! < 1(5. 
Let T G T{B); we estimate t((7). We start with T{(p^^{z*qQz)). We know [(^^-'-(qo)] < 
(2rto + l)[e — p] in Kq{B), so, using the estimate above on T(e — p), we get 

T{ip~'\z*qoz)) ^T{ip-\qo)) < (27io + l)r(e-p) < ^rj. 

Using also the estimate above on t(1 — e), we then get 

T{q) = t(1 - e) + T{ip-'^{z*qoz)) < 1^?? + 1^?? = ^?7- 

Set ?/ = (1 — 9)00(1 — g), which is a selfadjoint clement of D with ||y|| < ||ao|| < 
1 1 a 1 1 + ^ < 2 . Let g{y)he the result of evaluating functional calculus in {l~q)D{l — q). 
Since D has real rank zero, there is a projection r G g{y)Dg{y) such that \\Tg{y) — 

9{y)\\ < 

Let T G T{B); we claim that T(r) > t((7). First, \\rg{y)r — g{y)\\ < |?7. Since 
(7 < 1 we get rg{y)r < r, so that 

r(r) > T{rg{y)r) > T{g{y)) - i??. 



RANK OF CROSSED PRODUCTS 



31 



Next, 

\\ao-{qaoq + y)\\ < ||(7ao(l - g) || + || (1 - <z)aog|| < 2|| [<?, ao] || < 2 ■ = S < So- 

Let g{qaoq) be the result of evaluating functional calculus in qBq. Then orthogo- 
nality of qaoq and y, together with the choice of Sq, gives 

ll5(ao) - [giqaoq) + givM = hiao) -9{qaoq + y)\\ < \v- 

Since g{qaaq) < q, the estimate T{q) < ^rj implies 

^(3(2/)) > T{g{ao)) ~ T{g{qaoq)) ~ > T{g{ao)) - T(q) - \ri > T{g{ao)) ~ ^r;. 

Moreover, \\a — ao|| < S < Sq gives \\g{a) — 5(ao)|| < ^rj, whence T{g{aQ)) > 
T(g(a)) — ^rj. By the choice of rj we have T{g{a)) > rj. Putting everything together, 
we get 

T(r) > T{g{y)) - ir/ > T{g{ao)) - f ?7 > ^(^(a)) - > > r{q). 

This proves the claim. 

Since r G g{y)Bg{y), the condition on supp(g) and Lemma 4.5 of (27| give 

\\ry - yr\\ < 2eo and \\ryr\\ < eq- 

Since r < I — q and y = (1 — <z)ao(l — q), we have raor = ryr, whence ||?'ao''ll < £o- 
Also, 

||[r,ao]|| = \\ry + r{l - q)aQq - [yr + qao{l - q)r]\\ 
< ||[r,y]||+2||[ao,9]|| <2£o + 2(i5) < Seq- 

Define 

ai = (1 - g - r)ao(l - q - r) + qaoq. 
We estimate ||ai — a\\. We have 

ao - ai ^ (1 - q - r)aoq + qao{l - q-r) + {l-q~ r)aor + rao(l - q - r) 
+ raor + ra^q + qa^r. 

So, using ||[(7, ao]|| < < ^Eq, we get 

||ao - fli II < 4|| [q, ao] \\ + 2\\[r, ao] \\ + \\raor\\ < 2eo + Geq + Eq = 9eo. 
Since ||ao — a|| < (5 < Eq, it follows that 

||ai — a\\ < IOeo- 

Let Aq and ip: Aq ^ C*(Z, A, a) be as in Lemma lT^ using (p"-^ in place of (p and 
with e as above. Then ip~^{z*qoz) G Z? C ip{Ao) and 1 — e G ^/'(^o), so q G V'(^o); 
also r € D C tp{Ao) by construction. We proved above that T(r) > T{q) for all 
r G T{B). So Lemma [3. II implies q^r va B. Therefore Lemma 8 of ^01 provides 
an invertible selfadjoint element 61 G (q + r)B{q + r) such that \\bi — qa^qW < Eq. 
Also, by construction, we have 

^ - q, r, y ^ {1 - g)ao(l -q) E D, 

so (1 — q — r)oo(l — q — r) G -D. Since D has real rank zero, there is an invertible 
selfadjoint element E D such that 

\\b2 - (1 - g - r)ao(l - g - r)|| < Eq- 
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Then bi + 62 is an invertiblc selfadjoint element of B, and satisfies 

+ 62) -a\\<\\a- ai\\ + \\bi - qaoq\\ + \\b2 - {1 - q - r)ao(l -~ q ~ r)\\ 
< lOe + £0 + ^0 = 12eo = £• 
This completes the proof. I 

Corollary 4.6. Let A be a simple unital C*-algebra with real rank zero, and 
suppose that the order on projections over A is determined by traces. Let a G 
Aut(A) have the tracial Rokhlin property. Then the restriction map is a bijection 
from the tracial states of C*(Z, A, a) to the a-invariant tracial states of A. 

Proof. Since C*{Z,A,a) has real rank zero by Theorem 14.51 this follows from 
Proposition 2.2 of [TH]. I 

Corollary 4.7. Let A be a simple separable nuclear unital C*-algebra with tracial 
rank zero and satisfying the Universal Coefficient Theorem. Let a G Aut(A) have 
the tracial Rokhlin property. Then C*{Z,A,a) satisfies the local approximation 
property of Popa PU] (is a Popa algebra in the sense of Definition 1.2 of [S]). 

Proof. By Corollary 5.7 and Theorem 6.8 of the order on projections over A is 
determined by traces, and by Theorem 3.4 of '50', the algebra A has real rank zero. 
So C*{Z,A,a) has real rank zero by Theorem 14.51 It embeds in an AF algebra 
by Corollary 1 at the end of Section 3 of (23(, and is hence quasidiagonal. That 
C*(Zi,A,a) satisfies the local approximation property of Popa now follows from 
Theorem 1.2 of ,30^. I 

5. Stable rank of crossed products 

In this section, we prove that if ^ is a simple unital C*-algebra with real rank 
zero and stable rank one, such that the order on projections over A is determined 
by traces, and if a G Aut(A) has the tracial Rokhlin property, then C*(Z, A, a) has 
stable rank one. The methods are adapted from Section 5 of j27| . 

Lemma 5.1. Let S > 0. Then there exists a continuous function g: [0, 1] [0, 1] 
such that 5(0) = 0, g{l) = 1, and whenever ^ is a C*-algebra with real rank zero 
and a e ^ is a positive element with ||a|| < 1, then there is a projection e G aAa 
such that ||e(7(a) — 5(a) || < S and \\ae — e|| < 6. 

Proof. Choose to, ti such that 1 — S < to < ti < 1. Let g: [0, 1] [0, 1] be any 
continuous function which vanishes on [0, ti] and satisfies g{l) = 1. 

Let A be a C*-algebra with real rank zero and let a G A be a positive element 
with ||a|| < 1. Choose a continuous function h: [0,1] — > [0,1] which vanishes on 
[0,to] and satisfies h{t) — 1 for t G [ti,l]. Since A has real rank zero, there is a 
projection e G g{a)Ag{a) such that ||eg(a) — 5(a) || < S. Moreover, from hg = g we 
get h{a)g{a) — g{a), whence h{a)e = e. We also have \\ah{a) — h{a)\\ < 6 because 
1|<1 — to<<^ whenever h{t) ^ 0. Accordingly, 

||ae — e|| — \\ah{a)e — h{a)e\\ < \\ah{a) — • ||e|| < 

as was to be proved. I 

Lemma 5.2. Let ^4 be a simple C*-algebra with real rank zero and such that the 
order on projections over A is determined by traces. Let a G Aut(A) have the 
tracial Rokhlin property. Let gi, . . . ,g„ G C*{Z,A,a) be nonzero projections, let 
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ai, . . . ,am G C* {Z, A, a) be arbitrary, and let e > 0. Then there exists a unital 
subalgebra Aq C C*(Z, A, a) which is stably isomorphic to A, a projection p G Aq, 
nonzero projections ri, . . . , r„ G pA^p, and elements 61, . . . , 6^ G C*(Z, A, a), such 
that: 

(1) Ikfcr-fc -rfcll < e for 1 < fc < n. 

(2) For 1 < fc < n there is a projection g^. G rfeAor^. such that 1 — p ~ in 
C*{Z,A,a). 

(3) llflj - < e for 1 < j < m. 

(4) phjp G pAop for 1 < j < TO. 

Proof. Set B = C*(Z,^,a). 
Let 

71 = min I inf rfofc) ) > and en = niin ( ^, — ) . 

Apply Lemma [Ql with Eq in place of 5, obtaining a continuous function g: [0, 1] — > 
[0, 1]. Apply Lemma I3. 31 with this function g and with Eq in place of e, obtaining 
a number (5 > such that whenever t is a tracial state on B and p, q Cz B are 
projections such that r(g) > 1 — (5, then T{g{qpq)) > r(p) — Eq- Further choose 
El > with El < min(eo,£) and so small that whenever x,y € B are positive 
elements with ||a;||, \\y\\ < 1 and — y\\ < Si, then \\g{x) — g{y)\\ < Eq. Then 
choose £2 > with £2 < £1 and so small that ii x,y E B are selfadjoint elements 
with \\y\\ < 1 and ||a; — < £2, then the positive parts x+ and y+ satisfy 
\\x+ ~ y+\\ < £1. Apply Lemma [2.51 with F = {(71, . . . , g^, ai, . . . , am}, with £2 in 
place of £, with an integer N so large that 1/iV < min((5, £0), and with z = 1. 
We obtain projections e G A C B and / G ^, a unital subalgebra D C eBe, an 
isomorphism M„ (g) /A/ ^ D, and a projection p £ D, such that, in particular, 
there exist 

, . . . , , ci , . . . , G D 
with llpflj — Cj ll < £2 for 1 < J < TO, and 

llxfell < 1 and \\pqk ~ Xk\\ < S2 

for 1 < fc < n. Moreover, t(1 — p) < min((5, £0) for every r G T{B). 

Apply Lemma f2. 61 with if: M„ ® fAf — > D and the projection e as given. We 
obtain a C*-algebra which is stably isomorphic to A and a unital homomorphism 
-0: — > C* {7i, A^a). The subalgebra V'l^o) will be the algebra called for in 
the statement of the lemma. We note that V'(^o) contains D, and hence p. 

For 1 < J < TO, set bj ~ aj + p{cj — aj)p, which satisfies 

ll^i ^ "^jll < £2 < f 1 < £ and pbjp — pcjp E D C ip{Ao). 

These are Parts (3) and (4) of the conclusion. 

Next, for 1 < fc < n, observe that ^{px^p + px'^p) is a selfadjoint element oi pDp 
of norm at most one such that 

\\pqkp- ^{pxkP + pxlp)\\ < £2. 

So 

Vk = \{pxkP + px*kP)+ 
is a positive element of pDp of norm at most one such that ||pqfcP ^ TJkW < £1. 
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By the choice of g using Lemma there exists a projection g pDp C ip{Ao) 
such that 

WrkVk - ffcll < eo and \\rkg{yk) - 9{yk)\\ < ho- 
using rfe < p at the second step, we now have 

{rkQk - rk)iqkrk - rk) ^ rk - rkqkVk = rk - rkPQkPrk- 

Therefore 

WrkQk - rkW^ = \\rk - TkPQkPrkW < Ikfe - rkUkW ■ \\rk\\ + Wvk - PQkPW 

< £1 +eo < e^ 

so ||r/cgfc — rfcll < e, which is Part (1) of the conclusion. 

We now estimate the traces on r^. For every r e T{B), we have T{rk) > 
T{rkg{yk)rk)- By construction we have \\rkg{yk) - g{yk)\\ < eo, whence \\rkg{yk)rk - 
g{yk)\\ < 2eo-FTom\\yk-pqkp\\ < £i and the choice of ei, we get ||g(2//c)-5(Mfcp)|| < 
£o- Since t{p) > 1 — 5, the choice of 6 using Lemma imphes that T{g{pqkp)) > 
^ilk) — £o- Combining all these, we get T(rfc) > T{qk) — 4£o. On the other hand, 
t{1 -p) < £o- Since Eq < \-q < \T{qk), we get r(rfe) > t(1 -p). Since r e T{B) 
is arbitrary, and since 1 — p and rk are in V'(^o)j Lemma IXTl gives Part (2) of the 
conclusion. I 

Theorem 5.3. Let A be a simple C*-algebra with real rank zero and stable rank 
one, and such that the order on projections over A is determined by traces. Let 
a € Aut(A) have the tracial Rokhlin property. Then C*{Z,A,a) has stable rank 
one. 

Proof. Let B = C*{Z,A,a). 

We are going to show that every two sided zero divisor in B is a limit of invertible 
elements. That is, if a 6 _B and there are nonzero x,y G B such that xa — ay — 0, 
then we show that for every £ > there is an invertible element c E B such that 
||a— c|| < £. Because B has a faithful tracial state, every one sided invertible element 
is invertible. Therefore Theorem 3.3(a) of will imply that any element is a limit 
of invertible elements, that is, B has stable rank one. 

So let a S i3, let x, y G -B be nonzero elements such that xa — ay — 0, and let 
e > 0. Without loss of generality ||a|| < ^ and £ < 1. Since B has real rank zero by 
Theorem 14.51 there are are nonzero projections 

e G x*Bx and / G yBy*, 

and we have ea = af = 0. Apply Lemma l5.2l to the nonzero projections e and / and 
the element a, with j^e in place of £. Call the resulting subalgebra Aq, the resulting 
projection po, the resulting nonzero projections cq and /o, and the resulting element 
xq. Thus 

eo, /o, PoXoPq e Po^oPo, 1 - Po ;:5 eo, /o, 

and 

l|eeo - eoll, ||//o - /oil, ||a - a^oll < i^e- 

Define ao = (1 — eo)a;o(l — /o)- We clearly have eoao — ag/o = 0, and we claim 
that \\a — floll < j^e. First, using 

||a|| < 1 and ||eoe - eo|| = ||eeo - eo|| < 3^£, 
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we have 

||eo2:o|| < ||eo|| • ||a;o - a\\ + ||eo - eoe|| • ||a|| + ||eoea|| < j^e + j^e + ^ j^e. 
Similarly, ||a;o/o|| < Therefore 

\\a - ao\\ < \\a - xa\\ + \\xa - (1 - eo)a;o(l - /o)|| 

< ||a-xo|| + ||eoa;oll + P - eo|| • ||a;o/oll < j^e + + ^ ^e. 

This proves the claim. From ||a|| < ^ and e < 1 we now get ||ao|| < 1. 

Since A has real rank zero and Aq is stably isomorphic to A, the algebra Ao also 
has real rank zero. So Proposition 1.8 of |9j and Lemma f4. II show that there is a 
nonzero projection r < eo such that r ^ fo. Similarly, Aq has stable rank one, so 
in fact there is a unitary v G Aq such that v*rv < fo- Then r{aov*) = {aov*)r — 0. 

Apply Lemma |5. 21 to the nonzero projection r and the element aov* , with -j^e 
in place of e. Call the resulting subalgebra Ai, the resulting projection pi, the 
resulting nonzero projection ei, and the resulting element xi. Thus 

ei, pixipi e piAipi, ||rei - ei||, ||aow* - xi|| < j^e, and l-pi;^ei. 

Define ai — {1 ~ ei)xi(l — ei). We clearly have eiai = oiCi = 0. Also, piaipi — 
(1 — ei)pixipi{l — ei) G piAipi. Furthermore, since still ||aoi'*|| < 1, the argument 
used above to prove \\a — ao|| < now shows that ||aoU* — ai|| < ^e- So \\av* — 
ai|| < Y^e. The conclusion of Lemma [5.21 provides s G B such that 

s* s = 1 — pi, ss* < ei, and ss* G Ai. 

Set 62 = ss* and w = s + s* + pi — 62. Since 62 < ei < pi, it follows that w is a 
unitary satisfying 

we2W* = 1 — pi, w{l — pi)w* — 62, and w{pi — 62) = pi — 62. 

We now have 62011(7 = and aiw{l — pi) — a\e2W = 0. Therefore, with respect 
to the decomposition of the identity 

1 = 62 ® (pi - 62) ® (1 - Pi), 

and with c = (pi — 62)aiw(pi — 62) and suitable x,y^z G B, the element aiw has 
the block matrix form 

/ \ 
aiw = \ X c . 
\y z J 

Now use w(pi — 62) = pi — 62 and 62 < pi to rewrite 

c = (pi - e2)piaipi(pi - 62) G (pi - e2)Ai(pi - 62). 

Since (pi — 62)^1 (pi — 62) has stable rank one, there exists an invertible element 
d G (pi — 62)^1 (pi — 62) such that ||c — d|| < j^e. Then 

/ 3^662 \ 

a2 = \ X d 

\ y z j^e(l-pi) J 

is an invertible element in B, which satisfies \\a2 — aiw\\ < j^e. So also a2W*v is an 
invertible element in B, and satisfies 

\\a2W*v — a\\ < \\a2 — aiw\\ + \\ai — av*\\ < j^e + j^e ~ e. 

This is the required approximation by an invertible element. I 
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Corollary 5.4. Let A be a simple C*-algebra with real rank zero and stable 
rank one, and such that the order on projections over A is determined by traces. 
Let a G Aut(A) have the tracial Rokhlin property. Then the projections in 
Moo{C*{Z,A,a)) satisfy cancellation: if e,f,p e MooiC*{Z,A,a)) are projections 
such that e © p is Murray- von Neumann equivalent to f (B p, then e is Murray- von 
Neumann equivalent to /. 

Proof. This follows from the fact that C*{Z, A,a) has stable rank one (Theo- 
rem |^J), using Proposition 6.5.1 of 0. I 

6. Examples 

In this section we give some examples of crossed products by automorphisms 
with the tracial Rokhlin property. The examples we are most interested in require 
a longer treatment, and will appear separately j26j . 

We believe that if an action a of Z on a simple C*-algebra A has the tracial 
Rokhlin property, and if A has tracial rank zero, then C* (Z, A, a) should again 
have tracial rank zero. This would in particular imply that the crossed products 
by the Furstenberg transformations on irrational rotation algebras that we consider 
in |26| have tracial rank zero, and also that the crossed product in Example 16 . 31 has 
tracial rank zero. However, we give here some examples to which such a theorem 
can't apply, because neither the original algebra nor the crossed product has tracial 
rank zero. 

For easy reference, we state the following two results. 

Proposition 6.1. There exists an automorphism (3 of the 2°° UHF algebra B 
which generates an action of Z with the Rokhlin property and which is the identity 
on K-theory. 

Proof. This is implicitly proved in Sections 4 and 5 of [H], although the Rokhlin 
property is not explicitly mentioned there. (See jl7| for an explicit proof for the n°° 
UHF algebra for arbitrary n. Note that every automorphism of B is the identity 
on K-theory.) I 

Proposition 6.2. Let ^ be a unital C*-algebra, and let a G Aut(y4) be arbitrary. 
Let S be a unital C*-algebra, and let (3 S Aut(i3) generate an action of Z with 
the Rokhlin property. Then a (g) /? generates an action of Z on A (S)„iin B with the 
Rokhlin property. 

Proof. Using density of the algebraic tensor product, one sees that it sufhces to 
simply tensor appropriate systems of Rokhlin projections for /3 with 1a. I 

Of course, the proof works for any tensor product on which a<E) (3 extends to an 
automorphism, in particular for A ^max B. The situation for the tracial Rokhlin 
property is much less clear. 

The following example shows that the implication (1) implies (5) of Theorem 6.4 
of |19| is no longer valid when the action is not approximately inner. 

Example 6.3. We sketch an example of an automorphism a of a simple unital 
AF algebra A which has the Rokhlin property but such that C*(Z, A, a) is not an 
AT algebra. 
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Let A be the simple unital AF algebra such that Ko{A) ^ Z [i] © Z [i] , with 
the strict order from the first coordinate, and with [1] (1,0). (One checks that 
this is in fact a Riesz group. See Section 7.6 of [I,.) For any c? G Z. the matrix 

1 
d 1 

defines an automorphism of Kq{A) as a scaled ordered group. Let uq e Aut{A) 
induce this automorphism on K-theory. 

This automorphism need not have the Rokhlin property. Let B be the 2°° UHF 
algebra and let f3 G Aut(i3) be as in Proposition 16. II K-theory computations show 
that A^B = A, and a = ao®/3 does have the Rokhlin property (by ProDOsition l6.2|l . 
and induces the same map on K-theory. Since Ko(A) has a unique state, A has 
a unique tracial state, so Proposition 11.71 shows that a has the tracial Rokhlin 
property. 

The Pimsner-Voiculescu exact sequence shows that KQ{C*{Z,A,a)) is iso- 
morphic to the cokernel of the map on Kq{A) induced by 



a* = 





-d 



If, say, d = 3, then this cokernel has torsion. Therefore C*{Z,A,a)) is not an 
AT algebra. 

On the other hand. Theorem 11.121 implies that a generates an action with the 
tracial Rokhlin property. So Theorem 14.51 Theorem 15.31 and Theorem 13.51 show 
that C*{Z,A,a) has real rank zero and stable rank one, and that the order on 
projections over this algebra is determined by traces. 

The remaining examples are all on C*-algebras which do not have tracial rank 
zero. 

Example 6.4. Let n E {2,3,..., oo}, let F„ be the free group on n generators, 
and let a be any automorphism of C*{Fn). (An example which is particularly 
interesting in this context is to take n = oo and to take a to be induced by an 
infinite order permutation of the free generators of Fn. Another possibility is to 
have a multiply the fc-th generating unitary by an irrational number Afc.) Let B 
be the 2°° UHF algebra and let (3 e Aut(B) be as in Proposition EH Then a /3 
generates an action with the Rokhlin property by Proposition 16.21 Since C*(F„) 
has a unique tracial state, it follows from Corollary 6.6 of 22| that C*(F„) (g) B 
has stable rank one. Moreover, C*{Fn) B is exact, so every quasitrace is a trace 
f whence Theorem 7.2 of [31] implies that C*{Fn) ® B has real rank zero and 
Theorem 5.2(b) of implies that the order on projections over C*{Fn) ^ B is 
determined by traces. (In fact, Ka{C;{Fr,) ® B) is Z [i] with its usual order.) We 
can now use Proposition 11.71 to conclude that a (23 /? generates an action with the 
tracial Rokhlin property. On the other hand, the corollary to Theorem Al of 
shows that C*{Fn) is not quasidiagonal, so C*(F„) (g) B is not quasidiagonal either. 
Theorem 3.4 of [20' therefore shows that C*(F„) ® B does not have tracial rank 
zero. Theorem 14.51 Theorem 15.31 and Theorem 13.51 show that the crossed product 
C*(Z, C*{Fn) ® B, a® 0) has real rank zero and stable rank one, and that the 
order on projections over this algebra is determined by traces. However, it does not 
have tracial rank zero because it contains the nonquasidiagonal C*-algebra C*(F„). 
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Example 6.5. Let A be the simple separable C*-algebra of Theorem 7.20 of [H|- 
This algebra has real rank zero and stable rank one, and the order on projections 
over A is determined by traces. It also has a number of other nice properties: it is 
exact, it satisfies the Universal Coefficient Theorem, it is approximately divisible 
in the sense of 3 , it is a direct limit of residually finite dimensional C*-algebras, 
and it satisfies the local approximation property of Popa (is a Popa algebra in the 
sense of Definition 1.2 of jSj) and is hence quasidiagonal (by Theorem 1.2 of 130J ) • 
According to Corollary 7.21 of the algebra A does not have tracial rank zero. 

From the construction in the proof of Theorem 7.20 of we see that A can 
be chosen to be a tensor product of some other C*-algebra with an arbitrary UHF 
algebra. In particular, with B being the 2°° UHF algebra, we can require that there 
be an isomorphism if : Ai^B — > A. Let a be any automorphism of A which leaves all 
tracial states invariant. Let f3 be an automorphism of B which generates an action 
with the Rokhlin property fProposition lti. l|l . Then j — ipo [a(E) P) ° ^p~^ generates 
an action of Z on ^4 with the Rokhlin property, by Proposition 16.21 Clearly all 
tracial states on A are 7-invariant, so Proposition II .71 shows that 7 generates an 
action with the tracial Rokhlin property. Therefore Theorem 14.51 Theorem 15.31 
and Theorem 13.51 show that the crossed product C*(Z, A, 7) has real rank zero and 
stable rank one, and that the order on projections over this algebra is determined 
by traces. 

We claim that the crossed product C*(Z,^,7) does not have tracial rank zero. 
Using the notation before Definition 3.1 of [HI, we note that the proof of The- 
orem 7.20 of [H] gives a tracial state tq G T{A) \ T{A)im- Since To is assumed 
to be invariant under 7, it extends to a tracial state r on C*(Z,^,7). Using 
the equivalence of Conditions (1) and (4) in Theorem 3.1 of it follows that 
T G r(C*(Z,A,7)) \ r(C*(Z,A,7))iM. So C*(Z,A,7) fails to have tracial rank 
zero for the same reason that A does. 

We have not determined whether C*(Z, A, 7) is quasidiagonal, but it seems rea- 
sonable to hope that one can use the tracial Rokhlin property to show that it is. 

Example 6.6. Let A he a simple separable C*-algebra constructed as in The- 
orem 7.23 of |H]. This algebra has real rank zero and stable rank one, satisfies 
the local approximation property of Popa and is hence quasidiagonal (as in Exam- 
ple and has a unique tracial state, but is not exact. It also does not have 
tracial rank zero. We show below that A may be chosen such that in addition the 
order on projections over A is determined by traces. 

Let B be the 2°° UHF algebra. It is easy to see that all the properties given above 
for A carry over to A^B. (To see that A^B does not have tracial rank zero, observe 
that the last paragraph of the proof of Theorem 7.23 of [S] appHes just as well to A(^ 
B as to A.) Let a be any automorphism of A. Let /3 be an automorphism of B which 
generates an action with the Rokhlin property (Proposition 16 . II) . Then 7 = 0;®/? 
generates an action oi Z on A^ B with the Rokhlin property, by Proposition 16.21 
Since A ^ B has a unique tracial state, it follows from Proposition 11.71 that 7 
generates an action with the tracial Rokhlin property. Theorem l4.5l Theorem l5.3l 
and Theorem 13.51 now show that the crossed product C*(Z, A^B, 7) has real rank 
zero, stable rank one, and a unique tracial state, and that the order on projections 
over this algebra is determined by traces. 

We now show how to arrange that the order on projections over A is determined 
by traces. This is done by adding one more condition to Conditions (1) through (5) 
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at the beginning of the proof of Theorem 7.23 of jSj- In addition to the dense 
sequence in Am used there, we let {Pfc'"^}f.gisr be a countable set of pro- 

jections in Uj^i M; (g) A„ such that every projection in IJ;^^ M/ (g) is Murray- von 
Neumann equivalent to some p^,"*^- Then we require, in addition to Conditions (1) 
through (5), the existence of a finite set Vn C such that whenever p and q are 
projections in 

such that t{p) < T{q) for all tracial states t on An, then there is s G Uz^i ® 
all of whose matrix entries are in Vn, such that ss* = p and s*s < q. To see that 
this can be done, at the step in the proof where the sets S and I are chosen, 
we observe that the order on projections over HjeN ^k{n{j)) (C) is determined by 
traces, choose V accordingly, and include V along with U, S, and X when generating 
the next C*-algebra. 
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